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FUNCTORIAL TEST MODULES
MANUEL BLICKLE AND AXEL STÄBLER
Abstract. In this article we introduce a slight modification of the definition of
test modules which is an additive functor τ on the category of coherent Cartier
modules. We show that in many situations this modification agrees with the
usual definition of test modules. Furthermore, we show that for a smooth
morphism f : X → Y of F -finite schemes one has a natural isomorphism f ! ◦
τ ∼= τ ◦ f !. If f is quasi-finite and of finite type we construct a natural
transformation τ ◦ f∗ → f∗ ◦ τ .
Introduction
Since their appearance in tight closure theory in the nineties [HH90], test ideals
played an ever more important role in the study of singularities of algebraic vari-
eties over a field of positive characteristic. Their connection to multiplier ideals,
first explored by Smith [Smi00] and Hara [Har01], made them a key ingredient in
the dictionary between the singularity types in characteristic zero arising from the
minimal model program and the so-called F -singularities in positive characteristic.
There have been various generalizations of the original definition, either incorporat-
ing additional data (test ideals for pairs [HT04] and triples [BSTZ10]) or allowing
ever more general ground rings [Sch11], or working with the canonical sheaf in-
stead of the ring itself [Smi97]. In [Bli13] the first author, building on work of
Schwede [Sch11], gave a very general framework in the context of Cartier Modules
[BB11] which allowed the definition of so-called test modules, generalizing most ap-
proaches of test ideals considered previously. Besides many conceptual advantages,
one shortcoming of this definition was that it is neither additive (does not preserve
direct sums) nor functorial. In this article we study a slight variation of the original
definition in [Bli13] which was suggested by Karl Schwede, which remedies these
two shortcomings and at the same time agrees with the original definition in many
key situations.
Let us briefly outline the original definition of test modules to pinpoint the
necessary change in order to achieve this goal. For simplicity let us assume that
R = Fp[x1, . . . , xn] and f is the equation of a hypersurface. We denote by F∗R the
ring R considered as a module over itself via the Frobenius morphism F : r 7→ rp.
In this case a basis of F∗R over R is given by xi11 · · ·xinn where each ij ≤ p − 1.
We denote by κ : F∗R → R the Cartier operator sending the basis monomial
xp−11 · · ·xp−1n to 1 and all others to zero. Then the test ideal τ(R, f t), for t ∈ R≥0,
is defined as the smallest non-zero ideal that is stable under the maps κefdtpee for
all e ≥ 0. It is known that varying t one obtains a descending filtration of ideals
of R. The numbers t ∈ R where τ(R, f t) 6= τ(R, f t−ε) for all ε > 0 are called
F -jumping numbers of the hypersurface f . By [BMS09] these form a discrete set
of rational numbers.
To generalize this definition to modules one replaces the ring R by a finitely
generated R-module M and the set of maps κefdtpee by a graded subalgebra C of
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e≥0 HomR(F e∗M,M) such that C0 = R. Denoting the positively graded part of C
by C+ =
⊕
e≥1 HomR(F e∗M,M) one obtains a descending sequence
M ⊇ C+M ⊇ C2+M ⊇ C3+M ⊇ . . .
of C-submodules which by [Bli13] stabilizes. We denote the stable member by M .
Then the test module τ(M, C) as defined in op. cit. is the smallest C-submodule
N ⊆M such that for every generic point η of SuppM one has an equalityNη = Mη.
Replacing M by M is a crucial point which already hints at the fact that a desired
theory of test modules does not discriminate between Cartier modules N → M
where on the kernel and cokernel some high enough power Cn+ acts as zero, i.e.
N → M is a nil-isomorphism. One advantage of the generality obtained in this
way is that one can reduce questions of test ideals on singular rings R/I to test
modules over the better behaved (e.g. regular) ambient ring R, and vice versa. In
particular this allows to define test ideals for non-reduced rings [Bli13]. However,
the following example brings to light some shortcomings:
Example. Consider R = Fp[x, y] and the inclusion M = R/(y)→ R/(y)⊕R = N .
We endow M = Fp[x] with the Cartier operator as defined above and likewise on
the first summand of N . On the other summand the operator κ acts by sending
yp−1 to 1 and all other monomials of the basis to 0. This defines the structure of a
Cartier module on M and N and the natural inclusion into the first factor N ⊆M
is compatible with the action of κ just defined. One easily checks that M admits
no proper non-zero submodules stable under κ. Hence, τ(M, 1) = M . On the other
hand, the generic point of N = N is (0). But clearly 0⊕ (x) is a submodule stable
under the just defined operation of κ. Hence, τ(N, 1) ⊆ (0) ⊕ (x), and in fact,
equality holds. Therefore we see that the inclusion M ⊆ N does not induce an
inclusion of test modules, nor is the test module of the direct sum N the sum of
test modules of its summands.
The source of these troubles is the fact that the definition of test modules does
not account for non-minimal associated primes. By modifying the definition ap-
propriately to also incorporate non-minimal associated primes this can be avoided,
following a suggestion of Schwede:
Definition. Let R be a noetherian F -finite ring, C an R-Cartier algebra and M
a C-module which is coherent as an R-module. The test module τ(M, C) is the
smallest C-submodule N of M such that for every associated prime η of M the
inclusion H0η (Nη) ⊆ H0η (Mη) is a nil-isomorphism.
The preceding paragraph roughly explains the notation of Cartier algebra and
nil-isomorphism, for more details see section 1. H0η denotes the η-power torsion
functor. Since, in particular, M ⊆ M is a nil-isomorphism one may replace M by
M in the above definition. The following summarizes our key foundational results.
Theorem. Let R be a noetherian F -finite ring and C an R-Cartier algebra.
(1) Theorem 3.6 and Theorem 3.4: Under mild assumptions (e.g. R is of finite
type over a field) the test module τ(M, C) ⊆ M exists for all coherent C-
modules M , and there is a theory of test elements.
(2) Theorem 1.15: The inclusion τ(M, C) ⊆ M is a natural transformation of
additive functors τ → id on the category of coherent C-modules.
(3) Theorem 2.1: Temporarily denoting by τ ′(M, C) the test module as defined
in [Bli13], one has an inclusion τ ′ ⊆ τ which is an equality if all associated
primes of M are minimal. In particular, for M = R (the test-ideal case)
the two definitions coincide.
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Furthermore, also in the case where (M,κ) is a so-called F -regular Cartier mod-
ule (in the sense of [Bli13, Definition 3.4]) and f a non zero-divisor both versions
of the test module τ ′(M, C) = τ(M, C) agree for C the Cartier algebra generated
by the κfdtpee for e ≥ 1. For this class of Cartier modules the authors constructed
in [BS16] Bernstein-Sato polynomials and the second author also imposed similar
conditions of F -regularity on many results of his construction of a V -filtration for
Cartier modules in [Stä15b]. One objective of our new definition of test modules
here is to be able remove the F -regularity assumptions in these instances. But this
will not be discussed in this paper.
Together with setting up the notation of Cartier modules and developing a theory
of “associated primes up to nilpotence”, the results mentioned so far are contained
in the first four sections of this paper. Also included is a theory of test elements
which is a crucial technical tool for many computations of test modules, and we
will make ample use of them in Sections 4, 6 and 8. We conclude this part with
some structural results in Section 4 such as discreteness and a Skoda-type theorem
and some related notions of test modules analogous to the classical case.
In Section 5 we construct the (twisted) inverse and direct image for Cartier
modules, generalizing the case of a principal Cartier algebra treated in [BB11].
Given a morphism f : X → Y and a Cartier algebra CY on Y we define the
structure of a Cartier algebra on X on the pullback f∗CY . This allows us to show
that the twisted inverse image functor f ! on O-modules naturally restricts to a
functor on C-modules in the case where f is either finite or essentially smooth, i.e.
if M is a CY -module, then f !M naturally carries the structure of a f∗CY -module.
Furthermore, if CX = f∗CY the same is the case for the pushforward f∗, i.e. if N is
a CX -module then f∗N naturally carries a structure of a CY -module. The following
theorem summarizes the behavior of the test module functor τ with respect to
pullback and pushforward. The proofs of these results occupy Sections 6–8.
Theorem. Let f : X → Y a morphism of F -finite schemes. For CY a Cartier
algebra on Y set CX = f∗CY .
(1) The pushforward f∗ on quasi-coherent sheaves induces a functor from CX-
modules to CY -modules which preserves nilpotence. If f is of finite type, and
under some mild boundedness assumption for CY , the functor f∗ preserves
coherence up to nilpotence.
(2) (Theorem 5.5) In each of the three following cases
(a) f is essentially étale and f ! = f∗
(b) f finite and f ! = f¯∗HomY (f∗OX , )
(c) f smooth and f ! = f∗ ⊗ ωX/Y
the pullback f ! on quasi-coherent sheaves induces a functor CY -modules to
CY -modules which preserves nilpotence and coherence.
(3) (Corollary 6.10) If f is smooth, then there is a natural isomorphism of
functors f ! ◦ τ ∼= τ ◦ f !.
(4) (Proposition 6.13) If f is finite and dominant then one has a natural in-
clusion τ ◦ f ! ↪→ f ! ◦ τ .
(5) (Propositions 8.6 and 8.5) If f is finite then one has a natural isomorphism
f∗ ◦ τ → τ ◦ f∗.
(6) (Proposition 8.8 and Theorem 8.10) If f is an open immersion or f is
quasi-finite and of finite type (and under some mild technical assumption
on CY ) on has a natural inclusion τ ◦ f∗ ↪→ f∗ ◦ τ .
There is, by now, ample evidence that the associated graded of the test module
filtration is connected to the étale p-torsion nearby cycles functor (cf. [Stä15b],
[Sta14], [Stä15a], [BS16]). However, it also seems to avoid pathologies that only
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occur for `-torsion nearby cycles with ` = p. The connection is similar to that of
the multiplier ideal filtration with nearby cycles in the complex case. Namely, the
multiplier ideal filtration is a sub-filtration of the D-module theoretic V -filtration.
The associated graded of the latter in the range [0, 1) in turn corresponds, via the
Riemann-Hilbert correspondence, to perverse complex nearby cycles.
In characteristic p > 0 the replacement for the Riemann-Hilbert correspondence
comes in two steps: First there is an equivalence of (abelian) categories (see [BB11],
[EK04b]):
{κ-crystals} → {locally finitely generated unit(= lfgu)R[F ]-modules},
where unit R[F ]-modules are certain well-behaved D-modules (see [EK04a]). This
is followed by the correspondence (on the level of appropriate derived categories)
of Emerton and Kisin ([EK04b])
{lfgu R[F ]-modules} → {perverse constructible p-torsion sheaves}
which is an anti-equivalence. Under this Riemann-Hilbert-type correspondence
the functors f ! and f∗ on κ-crystals correspond to f∗ and f!. The category of
κ-crystals is mapped to perverse constructible sheaves (in the sense of [Gab04]) by
this equivalence.
In the special case that we start with a Cartier module of the form (M,κ) we may
associate a principal Cartier structure to Grt = τ(M,f t−ε)/τ(M,f t) (cf. Remark
4.6 below, or [Stä15b, Sections 4 and 5]). Then as corollaries (6.11, 6.14, 8.11) to the
above theorem we obtain a natural transformation of κ-crystals Grt ◦ f ! → f ! ◦Grt
for f finite or smooth which in the latter case is an isomorphism and a natural
transformation of κ-crystals Grt ◦ f∗ → f∗ ◦ Grt for f quasi-finite of finite type
which is an isomorphism if f is proper. Via the Riemann-Hilbert correspondence
we get corresponding natural transformations of perverse constructible sheaves by
reversing the arrows.
Analogous transformations are true in the ` 6= p context: For `-adic nearby cycles
Rψ one has a natural transformation f∗Rψ → Rψf∗ which is an isomorphism if f
is smooth and for f quasi-finite a natural transformation f!Rψ → Rψf! which is an
isomorphism if f is proper (see [DK73, Exposé XIII, 2.1]). This is further evidence
supporting the expectation that the perverse constructible sheaf corresponding to
Gr[0,1) =
⊕
t∈[0,1)Gr
t is a suitable, possibly better behaved, replacement for the
problematic p-torsion nearby cycles functor.
Conventions. We will work with noetherian rings containing a field of positive
characteristic. Throughout the letter F denotes the Frobenius morphism. We call
a scheme X F -finite if the Frobenius morphism F : X → X is a finite morphism.
In other words, F∗OX is a finite OX -module.
Acknowledgements. Both authors were supported by SFB/Transregio 45 Bonn-
Essen-Mainz financed by Deutsche Forschungsgemeinschaft.
1. Definition and basic properties
In this section we introduce a new and better behaved definition of the test
module which, contrary to the original definition (cf. [Bli13, Definition 3.1, Remark
3.3]), is an additive functor on the category of Cartier modules. Then we redevelop
the basic theory of test modules in analogy with [Bli13].
We start by recalling the definition of Cartier modules and some of their basic
properties.
1.1. Definition. Let R be a commutative ring containing a field of characteristic
p > 0. A Cartier algebra C over a ring R (or R-Cartier algebra) is an N-graded ring
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e≥0 Ce with an R-bimodule structure which for a homogeneous element κ ∈ Ce
and r ∈ R satisfies rκ = κrpe . Moreover, we require that C0 = R.
We say that CR is finitely generated if there are elements κ1, . . . , κn ∈ CR such
that the monomials in the κi form a set of right R-module generators of CR.
Note that this terminology is slightly unfortunate, since C is not an R-algebra
in the usual sense. Indeed, R is in general not in the center of CR if R 6= Fp.
By convention, a C-module is always a left C-module, whose underlying R-module
is finitely generated, unless stated otherwise. Synonymously to C-module we will
frequently use Cartier module (if C is clear form the context) or R-Cartier-module
(if the ring R needs to be emphasized).
We set C+ =
⊕
e≥1 Ce and denote the e-times iterated product (C+)e by Ce+. A
Cartier module M is called nilpotent if Ce+M = 0 for some (equivalently all) e 0.
One can show (cf. [Bli13, Section 2.1] for the case of an algebra and [BB11] for a
more detailed treatment in the case of a single morphism) that nilpotent Cartier
modules form a Serre-subcategory of the category of coherent Cartier modules. A
morphism ϕ : M → N of C-modules is called a nil-isomorphism if both kerϕ and
cokerϕ are nilpotent. The category of Cartier crystals is obtained by localizing the
category of Cartier modules at the Serre-subcategory of nilpotent Cartier modules;
i.e. it is obtained by formally inverting nil-isomorphisms. This category of Cartier
crystals is again an abelian category. The objects are the same as those of the
category of Cartier modules. However, a morphism M → N is given by a diagram
M
ϕ←− M ′ → N in Cartier modules, where ϕ is a nil-isomorphism. We refer the
reader to [Stä15b] for more background on the connection of Cartier crystals and
test modules and to [BB11] for more background on Cartier crystals.
A crucial result in the theory of coherent Cartier modules is the fact that the
descending chain C+M ⊇ C2+M ⊇ · · · stabilizes (cf. [Bli13, Proposition 2.13]). From
this fact one obtains the following
1.2. Proposition. Let M be a coherent C-module. Then there exists a unique
C-submodule M such that
(a) The quotient M/M is nilpotent (in particular, the crystals associated to M and
M are isomorphic).
(b) C+M = M (i.e. M does not admit nilpotent quotients).
Proof. One verifies that the stable member Ce+M for e 0 satisfies these conditions.

1.3. Definition. We call a coherent Cartier module M F -pure if M = M . This is
equivalent to the condition that C+M = M .
Before we turn to a study of associated primes of a Cartier module we revisit
the example from the introduction. We will illustrate that the lack of functoriality
can also not be remedied by passing to the crystal of the associated graded of the
test module filtration.
1.4. Example. Consider the inclusion k[x, y]/(x) → k[x, y]/(x) ⊕ k[x, y], where
the Cartier structure is given by κxp−1 acting diagonally. If we consider the test
module filtration of [Bli13] along y then τ(k[y], yt) = (ybtc) while τ(k[y]⊕k[x, y], y0)
is given by (0) ⊕ (x). In particular, Gr1(k[y]) := τ(k[y], y1−ε)/τ(k[y], y1) = k as a
crystal. Since τ is a decreasing filtration Gr1 of the direct sum has to be zero in
the first component. Thus we do not obtain an induced map from the inclusion on
the level of Cartier crystals either.
The issue here is of course – as mentioned in the introduction – that the definition
in op. cit. only considers generic points and ignores non-minimal associated primes.
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Note that given a Cartier module M and an ideal I in R the I-power-torsion
H0I (M) of M is again a Cartier module. This is simply due to the observation that
for κ ∈ Ce and m ∈M with Im = 0 one has I · κ(m) = κ(I [p]m) = κ(0) = 0. This
observation leads to the following definition.
1.5. Definition. For a Cartier module M we denote by AssM the set of primes
η of SpecR for which H0η (Mη) is not nilpotent. We refer to AssM as the set of
associated primes of M .
In a sense to be made precise below, AssM may be viewed as the associated
primes of the Cartier Crystal underlying M . It is a subset of the usual associated
primes of the underlying R-module M .
1.6. Lemma. Let 0 → P → M → N → 0 be a short exact sequence of Cartier
modules.
(a) Then AssP ⊆ AssM ⊆ AssP ∪AssN .
(b) If the sequence splits, i.e. M = N ⊕ P , then AssM = AssN ∪AssP .
(c) If S is a multiplicative set then AssS−1M = {η ∈ AssM | η ∩ S = ∅}.
Proof. The first inclusion of part (a) is clear. For the other inclusion assume that
η ∈ AssM \AssP . Localizing at η and applying H0η to the short exact sequence we
get 0 = H0η (Pη)→ H0η (Mη)→ H0η (Nη) which shows that H0η (Nη) is not nilpotent,
since its submodule H0η (Mη) is not nilpotent. Part (b) follows from (a) since the
sequence splits in this case.
For part (c) note that the statement is true for the associated primes of the
underlying modules ([Eis95, Theorem 3.1 (c)]). Hence, given a prime η with η∩S =
∅ we have to show that H0η (Mη) is nilpotent if and only if H0η (S−1Mη) is nilpotent.
But clearly Mη = S−1Mη since S ⊆ R \ η. 
1.7.Proposition. A morphism ϕ : M → N of Cartier modules is a nil-isomorphism
if and only if there is e such that for every homogeneous element κ ∈ Ce+ of de-
gree d there exists an R-linear map α : F 2d∗ N → M making the following diagram
commutative.
F 2d∗ M
κ2

F 2d∗ ϕ // F 2d∗ N
α
zz
κ2

M
ϕ
// N
Proof. The map ϕ is a nil-isomorphism if and only if kerϕ and cokerϕ are nilpotent.
This in turn means that we find e ≥ 1 such that Ce+ kerϕ = 0 and Ce+ cokerϕ = 0.
This is the case if and only if every homogeneous element of Ce+ operates trivially
on both kerϕ and cokerϕ. In this case, if κ ∈ Ce+ is homogeneous, then ϕ is a nil-
isomorphism for the Cartier algebra generated by κ. Now we deduce from [BB13,
Proposition 2.3.2] (cf. [BP09, Proposition 3.3.9] for a proof and the explicit bound)
that this is the case if and only if there is α as desired. 
1.8. Lemma. If ϕ : M → N is a nil-isomorphism of Cartier modules then H0I (ϕ) is
a nil-isomorphism for any ideal I. In particular, H0I induces a functor on crystals.
Proof. Since H0I is a functor on Cartier modules it preserves nil-isomorphisms by
Proposition 1.7. The second claim is then due to [BP09, Proposition 2.2.4]. 
1.9. Lemma. If ϕ : M → N is a nil-isomorphism of Cartier modules then AssM =
AssN .
Proof. Using Lemma 1.8 above and localizing we obtain that H0η (M)η is nilpotent
if and only if H0η (N)η is nilpotent. 
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1.10. Definition. For a C-module M we define the test module τ(M, C) = τ(M) as
the smallest C-submodule N of M such that for every associated prime η of M the
inclusion H0η (Nη) ⊆ H0η (Mη) is a nil-isomorphism.
Since the inclusion M ⊆M is a nil-isomorphism, one could replace M by M in
the above definition. Since for primes η not associated to M one has H0η (Mη) = 0,
one also might range over all primes of R in the above definition.
1.11. Remark. One could also simply work with the associated primes of the
underlying module and require an equality H0η (Nη) = H0η (Mη) instead of merely
a nil-isomorphism. However, contrary to the theory of test modules as developed
in [Bli13] this notion does not pass to crystals (which in the end is essential when
one wants to transport these constructions to unit R[F ]-modules and constructible
Fp-sheaves). The key fact why the construction of [Bli13] is independent of the
particular choice of Cartier module is that if M is F -pure then the support of the
associated crystal is the same as the underlying support of the module (cf. [Stä15a,
Theorem 1.8] for details).
The same is not true for associated primes however. Namely, consider the Cartier
module M = ωR ⊕ ωR/(x)ωR over the ring R = Fp[x], p ≥ 3, with Cartier struc-
ture given by (m,n) 7→ (κ(xm), κ(xp−1m) + (x)ωR). Then M is F -pure since if
δ is a generator of ωR then (xp−2δ, 0) is mapped to (δ, 0) and (δ, 0) is mapped
to (0, δ + (x)ωR). Furthermore, M admits the nilpotent submodule N = {(0,m)
mod (x)ωR |m ∈ ωR} which corresponds to the associated non-minimal prime (x).
Hence, for the F -pure Cartier module M we have AssM = {(0)} while the associ-
ated primes of the underlying module are {(0), (x)}.
A slight variation of this example shows that H0η (M) need not be F -pure if M
is F -pure and η ∈ AssM :
1.12. Example. Take R = Fp[x, y], p ≥ 3 and M = ωR ⊕ ωR/(x)ωR with Cartier
structure (m,n) 7→ (κ(xm), κ(xp−1m) + yκ(n)). Since (xp−2yp−1δ, 0) is mapped to
(δ, 0) and (yp−1δ, 0) is mapped to (0, δ) we conclude that M is F -pure. But the
submodule H0(x)(M) = ωR/(x)ωR is not F -pure.
1.13. Definition. We say that a C-module M is F -regular if it is F -pure (i.e.
C+M = M) and if it contains no proper submodule N for which the inclusion
H0η (Nη) ⊆ H0η (Mη) is a nil-isomorphism for all associated primes η of M .
In other words, M is F -regular if and only if M = τ(M).
1.14. Lemma. Let ϕ : M → N be a surjective homomorphism of Cartier modules
and assume that M is F -regular. Then N is F -regular.
Proof. Note that N is automatically F -pure since ϕ is surjective. Let N ′ be a
Cartier submodule of N such that H0η (N ′η) ⊆ H0η (Nη) is a nil-isomorphism for all
associated primes η of N . Denoting the pre-image of N ′ by M ′ we obtain the
following sequence whose rows are exact.
0 // kerϕ // M ϕ // N // 0
0 // kerϕ
id
OO
// M ′
OO
ϕ
// N ′
OO
// 0
Let ν be in AssM . If ν is not contained in AssN then applying H0ν and localiza-
tion to the above sequences we obtain that H0ν (N ′ν) and H0ν (Nν) are both nilpo-
tent since AssN ′ ⊆ AssN . Consequently, the inclusions H0ν (kerϕν) ⊆ H0ν (Mν)
and H0ν (kerϕν) ⊆ H0ν (M ′ν) are nil-isomorphisms. We conclude that the inclusion
H0ν (M ′ν) ⊆ H0ν (Mν) is a nil-isomorphism.
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If ν is contained in AssN then H0ν (N ′ν) ⊆ H0ν (Nν) is a nil-isomorphism. The
long exact sequence of local cohomology (we only need the first H1-term) and the
5-lemma yield the nil-isomorphism H0ν (M ′ν) ⊆ H0ν (Mν).1 Altogether we conclude
that H0ν (M ′ν) is nil-isomorphic to H0ν (Mν) for all ν ∈ AssM so that by F -regularity
M = M ′. 
1.15. Proposition. Let ϕ : M → N be a homomorphism of Cartier modules and
assume that τ(M) and τ(N) exist. The following hold:
(a) Taking the test module is functorial and τ(ϕ) := ϕ|τ(M) induces the map
τ(M)→ τ(N).
(b) Taking the test module commutes with finite direct sums, i.e. τ(M1⊕. . .⊕Mn) =
τ(M1)⊕ . . .⊕ τ(Mn).
In other words, the inclusion τ(M) ⊆M is an additive sub-functor τ → id.
Proof. (a) We prove the statement if ϕ is injective or surjective. Then the claim
follows by factoring ϕ as M → imϕ → N . Assume that ϕ is injective. Since
τ(M) is given as a minimal submodule ofM that satisfies certain properties for
every η ∈ AssM ⊆ AssN we obtain that τ(M) ⊆ τ(N) since τ(N) satisfies
these properties as well.
Assume now that ϕ is surjective. By Lemma 1.14 the image of τ(M) by ϕ
is F -regular. By the first part the natural inclusion ϕ(τ(M)) → N induces a
morphism of test modules. Hence, ϕ(τ(M)) ⊆ τ(N).
(b) Denote by i the inclusion M →M ⊕N . By (a) we have i(τ(M)) ⊆ τ(M ⊕N)
and similarly for N . In particular, τ(N) ⊕ τ(M) ⊆ τ(M ⊕ N). Note that
AssN ∪AssM = Ass(M ⊕N) and that H0η (Nη) is not nilpotent if and only
if η ∈ AssN . Let η be an associated prime of M ⊕ N . Then we have a
nil-isomorphism
H0η ((τ(M)⊕ τ(N))η) = H0η (τ(M)η)⊕H0η (τ(N)η)
∼= H0η (Mη)⊕H0η (Nη) = H0η ((M ⊕N)η).
Since τ(M ⊕ N) is minimal with this property we obtain the other inclusion
τ(M ⊕N) ⊆ τ(M)⊕ τ(N).

1.16. Example. It is not true that ϕ(τ(M)) = τ(N) if ϕ : M → N is surjective.
Consider M = k[x] with Cartier structure κxp−1 and N = k[x]/(x) with ϕ the
canonical projection. Then τ(M) = (x) which is mapped to zero by ϕ. However,
τ(N) = N .
1.17. Lemma. Let ϕ : M → N be a nil-isomorphism of Cartier modules. Then
ϕ(τ(M)) = τ(N).
Proof. By Proposition 1.15 (a) we have ϕ(τ(M)) ⊆ τ(N). Moreover, we have for
any associated prime η of M the following commutative diagram
0 // H0η (ϕ(M)η) // H0η (Nη) // H0η (cokerϕη)
0 // H0η (ϕ(τ(M))η) //
OO
H0η (τ(N)η)
OO
1Just as the I-power-torsion functor H0η is a functor on Cartier modules, its higher derived
functors, the local cohomology functors Hiη(M), are also functors on Cartier modules. This follows
directly from the observation that the Čech complex used to compute local cohomology is in fact
a complex of Cartier modules. See [BB11] for details.
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where the vertical arrows are inclusions and nil-isomorphisms by the definition
of the test module. Since H0η (cokerϕη) is nilpotent the inclusion (H0η (ϕ(M)η)) ⊆
H0η (Nη) is also a nil-isomorphism. We conclude that the inclusionH0η (ϕ(τ(M))η)→
H0η (τ(N)η) is also a nil-isomorphism. By Lemma 1.9 we have AssM = AssN
so that ϕ(τ(M)) is a submodule for which the natural inclusion induces a nil-
isomorphism H0η (ϕ(τ(M)η) ⊆ H0η (τ(N)η) ⊆ H0η (Nη) at all associated primes of
N . Since τ(N) is minimal with this property and ϕ(τ(M)) ⊆ τ(N) the claim
follows. 
1.18. Proposition. τ induces a functor on Cartier crystals.
Proof. If ϕ : M → N is a nil-isomorphism then ker τ(ϕ) = kerϕ∩τ(M) is nilpotent.
By Lemma 1.17 above τ(ϕ) is surjective. Hence, τ(ϕ) is a nil-isomorphism and the
claim follows from [BP09, Proposition 2.2.4] 
Let us recall, that for a closed immersion i : SpecR/I → SpecR the functor i[ is
simply the I-torsion functor given by HomR(R/I,−) considered as an R/I-module.
Next we list several basic properties of test modules (cf. [Bli13, Proposition 3.2]).
1.19. Proposition. Let R be noetherian, C an R-Cartier algebra and M a coherent
C-module. If τ(M) exists then the following hold:
(a) τ(M) = τ(M).
(b) If S ⊆ R is a multiplicative set, then τ(S−1M) = S−1τ(M).
(c) If Supp(M) ⊆ V (I) for some ideal I ⊆ R then τ(i[M) = i[τ(M), where
i : SpecR/I → SpecR denotes the natural inclusion. In particular, this allows
us to reduce to the case that R is reduced and that SuppM = SpecR.
(d) If i : SpecR/I → SpecR is the natural inclusion then i∗τ(M) = τ(i∗M).
Proof. Part (a) is immediate from the definition. We come to part (b). By Lemma
1.6 (c) every η ∈ AssS−1M is also an associated prime of AssM . Hence, we
have a nil-isomorphism H0η (τ(M)η) ⊆ H0η (Mη) for every η ∈ AssS−1M which
induces a nil-isomorphism H0η (S−1τ(M)η) ⊆ H0η (S−1Mη). We still have to show
that S−1τ(M) is minimal with this property. So let N ⊆ S−1M be a Cartier
submodule for which H0η (Nη) ⊆ H0η (S−1Mη) is a nil-isomorphism for each η ∈
AssS−1M and fix ν ∈ AssM . Denote by ϕ : M → S−1M the localization map.
If ν ∩ S = ∅ then ϕ−1(N)ν = Nν and hence H0ν (ϕ−1(N)ν) ⊆ H0ν (Mν) is a nil-
isomorphism. Otherwise, if ν ∩ S 6= ∅ then (kerϕ)ν = Mν so that ϕ−1(N)ν = Mν .
In particular, H0ν (ϕ−1(N)ν) = H0ν (Mν). But τ(M) is minimal with this property
so that τ(M) ⊆ ϕ−1(N). This shows that S−1τ(M) ⊆ S−1ϕ−1(N) = N .
For part (c) we may replace M by M and thus assume that M is F -pure.
The claim then follows from [Bli13, Lemmata 2.19, 2.20]. Also note that i[M =
HomR(R/I,M) may be identified with M considered as an R/I-module.
Finally, part (c) yields via adjunction for (i∗, i[) an inclusion i∗τ(M) ⊆ τ(i∗M).
On the other hand, one easily sees that τ(i∗M) ⊆ i∗τ(M) by minimality of τ . 
1.20. Remark. Everything discussed in the section generalizes to the context of
noetherian schemes. Indeed, since we only consider local cohomology with respect
to a point all the H0η factor through some open affine SpecA ⊆ X. In particular,
Proposition 1.19 (b) and uniqueness of the test module show that existence of τ
may be checked on an open affine cover and that one obtains τ by gluing. Hence,
we can always argue on local affine charts.
2. Comparison to the previous definition
We now show several comparison results of our notion of test module with the
one introduced in [Bli13, Definition 3.1]. For this we will denote the test module
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as introduced in [Bli13] by τ ′(M) while we continue to use τ(M) as defined in
Definition 1.10.
Recall that τ ′(M) is defined as the minimal C-submodule N of M such that
N ⊆M yields an equality after localizing at any minimal prime of SuppM (where,
as usual, Supp denotes the support of the underlying module).
2.1. Proposition. Let M be a Cartier module. Then τ ′(M) ⊆ τ(M) with equality
if all associated primes of M are minimal.
Proof. We may assume that M is F -pure. By Proposition 1.19 (c) and [Bli13,
Proposition 3.2 (d), (f)] we may further assume that R is reduced and SuppM =
SpecR. In particular, Rη is a field for any minimal prime η so that H0η (Mη) = Mη.
If η is a minimal prime of the underlying module M then Mη is not nilpotent by
[Stä15a, Lemma 1.4] so the minimal associated primes of the module coincide with
those of the Cartier module. If the inclusion Nη ⊆ Mη is a nil-isomorphism, then
by definition the kernel and cokernel are nilpotent. But Mη is F -pure so that it
does not admit nilpotent quotients. This shows that the condition for τ(M) and
τ ′(M) at minimal primes of SuppM coincide. In particular, if all associated primes
are minimal equality holds. Since τ ′(M) is minimal with respect to a condition on
all minimal primes of SuppM and τ(M) also satisfies these conditions we obtain,
in general, an inclusion τ ′(M) ⊆ τ(M). 
2.2. Lemma. Let M be a coherent F -pure Cartier module and N a submodule. If
Nc = Mc for some c then cM ⊆ N .
Proof. SinceM/N is finitely generated there is k ∈ N such that ck(M/N) = 0. But
the quotient M/N is F -pure since M is F -pure so that [Bli13, Lemma 2.19] tells
us that we may choose k = 1. 
The following lemma is a weak version for τ of [Bli13, Theorem 3.11] concerning
test elements.
2.3. Lemma. Let (M, C) be a Cartier module and assume that there is an f not
contained in any associated prime of M and such that Mf is F -regular. Then
τ(M, C) is the C-module generated by fM .
Proof. By Proposition 1.19 we may assume that M is F -pure, R is reduced and
SuppM = SpecR. Let N ⊆ M be a Cartier submodule such that H0η (Nη) ⊆
H0η (Mη) is a nil-isomorphism for each η ∈ AssM . By F -regularity the inclusion
Nf ⊆ Mf is an equality and Lemma 2.2 yields fM ⊆ N . It follows that CfM =
τ(M, C) as claimed since τ(M, C) is the minimal such N and H0η (CfMη) ⊆ H0η (Mη)
induces a nil-isomorphism for each η ∈ AssM since f is not contained in any
associated prime of M . 
2.4. Remark. We note that in the context of Lemma 2.3 the C-module generated
by fM is also given by N :=
∑
e≥e0 CefM for any e0 ≥ 0. One notes that N is a
Cartier module and that localizing at f yields Nf =
∑
e≥e0 CeMf . The inclusion
Ch+ ⊆
∑
e≥h Ch for any h ≥ 0 and F -purity of Mf then imply that Nf = Mf . By
Lemma 2.2 N then contains fM and since N is a Cartier module also CfM .
2.5. Theorem. If (M,κ) is F -regular in the sense of [Bli13, Definition 3.4] (i.e.
τ ′(M,κ) = M) and C is the Cartier algebra generated by {κefdtpee | e ≥ 1}, where
f is a non zero-divisor on M and t ≥ 0 a real number, then τ ′(M, C) = τ(M, C).
Proof. Since f is a non zero-divisor it is not contained in any of the associated
primes ofM . By [Bli13, Theorem 3.11] and since Cf = κ we obtain that τ ′(M, C) =∑
e≥1 CefM . For the computation of τ(M,κ) we have by assumption that τ ′(M,κ) =
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M and Proposition 2.1 thus yields τ(M,κ) = M . We apply Lemma 2.3 and obtain
likewise τ(M, C) =∑e≥1 CefM . 
2.6.Remark. Note that it was previously observed in [Stä15b, Proposition 4.2] that
τ ′ for F -regular Cartier modules in the sense of [Bli13, Definition 3.4] is functorial.
We also remark that many results of [Stä15b] and the main result of [BS16] were
proved using the test module theory as developed in [Bli13] under the assumption
that (M,κ) is F -regular and that the Cartier algebra is of the form Ce = κfdtpeeR.
We also note that in the comparison of τ ′ with Stadnik’s V -filtration ([Sta14],
[Stä15a]) the Cartier modules considered do not have non-minimal associated primes
so that τ ′ = τ .
3. Existence of test modules; test elements
In this section we develop a theory of test elements similar to the classical case.
They are a key technical ingredient in both existence results and computations. The
main difference to the classical case is that we will have to deal with a sequence of
test elements for a single given module. This is due to the fact that we may have
inclusion relations between the associated primes Pi. Hence, given ci /∈ Pi we can,
in general, no longer find a single c such that D(c) ⊆ ⋃ni=1D(ci).
3.1. Definition. LetM be a Cartier module with associated primes η1, . . . , ηn. We
call c1, . . . , cn a sequence of test elements if ci /∈ ηi and if H0ηi(Mci) is F -regular.
Example 1.12 above shows that H0ηi(Mci) is not automatically F -pure if Mci is
F -pure. We now prove a partial analogue of [Bli13, Theorem 3.11]. Namely, we
show that if M admits a sequence of test elements then τ(M) exists and we can
express it somewhat explicitly using test elements. However, we can only prove a
converse to this under the additional assumption that the test module exists for
all submodules and (sub)quotients of M . This holds e.g. if R is essentially of finite
type over an F -finite field.
Before we proceed we formulate an easy lemma that is central to many com-
putations. It tells us that, up to nilpotence, we may replace H0η with i!, where
i : SpecR/η → SpecR.
3.2. Lemma. Let M be a Cartier module and I ⊆ R an ideal with associated closed
immersion i : SpecR/I → SpecR. Then H0I (M) = i∗i!M .
Proof. One may identify i∗i!M with {m ∈ M | Im = 0}. This shows that we have
an inclusion i∗i!M ⊆ H0I (M). On the other hand, since the annihilator of an F -
pure module is radical ([Bli13, Lemma 2.19]) we conclude that H0I (M) ⊆ i∗i!M .
Applying to the inclusions yields the desired equality. 
3.3. Remark. Since i∗M = i∗M (cf. Proposition 5.15 below) and since i!i∗ ∼= id
induces an equivalence of categories we will frequently view H0I (M) as an R/I-
module and identify it with i!M . Likewise we will also identify i!M with H0I (M)
viewed as R-modules.
3.4. Theorem. LetM be a Cartier module, ifM admits a sequence of test elements
c1, . . . , cn then τ(M) exists and is given by
τ(M) =
n∑
i=1
∑
e≥e0
CeciH0ηi(M) for any e0 ≥ 0.
Proof. By Proposition 1.19 (a), (c) we may assume that M is F -pure and that
SuppM = SpecR.
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Let us assume that we are given a sequence c1, . . . , cn of test elements. Let
N ⊆ M be a Cartier submodule such that for each ηi ∈ AssM the inclusion
H0ηi(Nηi) ⊆ H0ηi(Mηi) is a nil-isomorphism. We claim that ciH0ηi(M) ⊆ N for each
i. Once the claim is proven the implication follows since then also for any e0 ≥ 0
and every i we have
∑
e≥e0 CeciH0ηi(M) ⊆ N .
For each i we have an inclusion H0ηi(Nci) ⊆ H0ηi(Mci). We claim that applying
on both sides yields an equality. We certainly have an inclusion H0ηi(Nci) ⊆
H0ηi(Mci) which is a nil-isomorphism. Moreover, H
0
ηi(H
0
ηi(Mci)ηi
) = H0ηi(Mηi) and
similarly for H0ηi(Nci). Hence, localizing the inclusion at ηi and applying H
0
ηi yields
by our assumption on N and the F -regularity of H0ηi(Mci) the claimed equality.
Both modules are finitely generated so that we get ctiH0ηi(M) ⊆ H0ηi(N) for some
t ≥ 0. Applying Lemma 2.2 implies ciH0ηi(M) ⊆ H0ηi(N) ⊆ N . 
3.5. Lemma. Let M be a Cartier module with associated prime η and I ⊆ η an
ideal. Then H0η (H0I (M)) = H0η (M).
Proof. Since H0η induces a functor on crystals the inclusion
H0η (H0I (M)) ⊆ H0η (H0I (M)) = H0η (M)
is a nil-isomorphism. By F -purity of H0η (M) it is therefore an equality. 
3.6. Theorem. Let M be a Cartier module on SpecR, where R is essentially of
finite type over an F -finite field. Then there exists a sequence c1, . . . , cn of test
elements.
Proof. By Proposition 1.19 (a), (c) we may assume that M is F -pure and that
SuppM = SpecR with R reduced. We find c ∈ R such that D(c)∩AssM consists
of all minimal primes of SuppM . There exists d ∈ R such that AssMcd = {η}. We
claim that there is f ∈ R such that H0η (Mcdf ) is F -regular. As η is the only minimal
prime ofMcd we conclude that Rcd is an integral domain. Hence, H0η (Mcdf ) = Mcdf
and this is already F -pure. Finally, since the only associated primes of Mcd are
minimal the claim follows from Proposition 2.1, the fact that τ(Mcd) = τ(M)cd
(Proposition 1.19 (b)), [Bli13, Theorem 3.11] and [Bli13, Theorem 4.13].
Note that the associated primes of i!M = H0(c)(M), where i : SpecR/(c) →
SpecR, are those that contain c, i.e. all associated primes of M except the minimal
primes. We find an element c′ that such that D(c′) ∩ V (c) ∩Ass i!M consists of
the minimal associated primes of i!M . Fix such a minimal associated prime ν. By
the above argument we find an element u /∈ ν such that H0ν (i!M)u is F -regular. By
Lemma 3.5 H0ν (H0(c)(M))
u
= H0ν (M)u. We conclude that u is a test element for ν
and are done by descending induction. 
3.7. Remark. In the proof of Theorem 3.6 the key issue is that, when applying the
induction step, we need to know that τ exists for all sub-quotients of M which only
have minimal associated primes. By [Bli13, Theorem 3.9] this is the case if and only
if an F -pure R-Cartier module M has finite length. This is also satisfied for an F -
finite ring R if the Cartier algebra is generically principal or if rkM ≤ 1. (cf. [Bli13,
Proposition 3.15] and the discussion before [Bli13, Lemma 3.12]). We expect that
test modules exist for finitely generated Cartier modules over any F -finite Ring,
but this remains to be shown in this generality.
The following examples shows that given an associated prime η of an F -regular
C-module M then H0η (M) need not be F -regular.
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3.8. Example. Consider R = Fp[x, y] with p ≥ 3 and the Cartier module M =
ωR ⊕ ωR/(x)ωR with Cartier structure
(a, b+ (x)ωR) 7→ (κ(xa), κ(xp−1a) + κ((xy)p−1(b+ (x)ωR))),
where κ denotes the Cartier operator on ωR. Just as in Example 1.12 one verifies
that M is F -pure. Note that x, y is a sequence of test elements for the associated
primes (0), (x). Indeed, H0(0)(M)x = ωRx with Cartier structure a 7→ κ(xa) and
H0(x)(M)y = (ωR/(x)ωR)y with Cartier structure b+(x)ωR 7→ κ((xy)p−1(b+xωR)).
One easily checks that C+xH0(0)(M) = M . Hence, M is F -regular by Theorem
3.4. However, H0(x)(M) = ωR/(x)ωR is not F -regular. In particular, the constant
sequence 1, 1 is not a sequence of test elements although M is F -regular. This
is in contrast to the case when one only considers minimal primes (cf. [Stä15b,
Proposition 5.2]). This example also illustrates that F -regularity of M does not
imply F -regularity of i!M which one might naively expect.
4. Properties of test modules
In this section we fix an ideal a ⊆ R and given a Cartier algebra C and a
non-negative real number t we consider the Cartier algebra Cat which is given by
Cate = Ceadtp
ee for e ≥ 1. If M is a C-module then we denote the test module with
respect to the Cartier algebra Cat by τ(M, Cat) or simply by τ(M, at).
Throughout this section we will assume that R is essentially of finite type over an
F -finite field (except for the results after Remark 4.6). We will prove a Briançon-
Skoda Theorem as well as semi-continuity and discreteness results for our notion of
test module, where we let t vary for a fixed ideal a. The reason for our hypothesis on
R is twofold. For one, it ensures that test modules of finite Cartier modules exists
which allows us to apply test element theory. Moreover, we use results of Blickle
([Bli13]) on gauge-boundedness of Cartier algebras in order to prove discreteness
results.
We start by proving right-continuity. The argument is similar the one in [Bli13,
Proposition 4.16]
4.1. Proposition (Right-continuity). For an R-Cartier module M , a ⊆ R an ideal
and t > 0 a real number we have for all ε ≥ 0
τ(M, at) ⊇ τ(M, at+ε)
with equality for sufficiently small ε > 0.
Proof. Using Proposition 1.19 (a), (c) we may replaceM byMCat and assume that
SuppM = SpecR with R reduced. We now want to argue that we find a sequence
c1, . . . , cn which is a sequence of test elements for both (M, Cat) and (M, Cat+ε).
If M = 0 then there is nothing to prove. So assume that M 6= 0. We claim that
a is not contained in the union of the minimal primes. Otherwise, it is contained
in some minimal prime η by prime avoidance. Then we have Catη = 0 since a ⊆ η is
zero in Rη. Since Mη still is F -pure we obtain a contradiction.
Fix a minimal prime η. We find c such that D(c) ∩AssM = {η} and such that
H0η (M)
c
is F -regular. Multiplying c by a for some a ∈ a \ η we may further assume
that c ∈ a. Hence, for all t we have Catc = C. We conclude that (H0η (M)
c
, Cat+ε) is
also F -regular.
If η is a non-minimal associated prime then we find c′ such that AssH0c′(M)
admits η as a minimal associated prime. We may again assume that SuppH0c′(M) =
SpecR and that R is reduced. Using Lemma 3.5 we have reduced to the previous
situation.
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By Theorem 3.4 we conclude that for all ε ≥ 0
τ(M, at+ε) =
∑
η
Cat+εcηH0η (M) ⊆
∑
η
CatcηH0η (M) = τ(M, at).
For the reverse inclusion fix E > 0 and choose ε < 1
pE
. Then we have
τ(M, at+ε) ⊇
E∑
e=1
∑
η
Cead(t+ε)peecηH0η (M) ⊇
E∑
e=1
∑
η
Ceadtpeec2ηH0η (M) = τ(M, at),
where the last equality follows since c2η is a test element if cη is one and by choosing E
sufficiently large (each Cat+ cηH0η (M) = N is a finite R-module so if ni are generators
of N then there is ϕ ∈ ⊕Eie=1 Ceadtpee and m ∈ H0η (M) such that ϕ(cηm) = ni.
Taking the maximum over the Ei and then the maximum over those for the finitely
many η we find an E as desired). 
4.2. Proposition (Briançon-Skoda). For an R-Cartier module M , a ⊆ R an ideal
and t ≥ 0 a real number we have
a · τ(M, at−1) ⊆ τ(M, at),
with equality if t is greater or equal than the minimal number of generators of a.
Proof. First one shows as in Proposition 4.1 that (M, Cat) and (M, Cat+1) admit a
common sequence of test elements. Then the argument proceeds just as in [Bli13,
Theorem 4.21]. 
In order to obtain a discreteness result we need to require that the pair (M, C)
is gauge bounded in the sense of [Bli13, Definition 4.8]. This is satisfied in many
situations of interest. It holds in particular, if C is of the form κat or more generally
whenever D is a finitely generated Cartier algebra and C = Dat ([Bli13, Proposition
4.15]) and M is any coherent module.
4.3. Proposition (Discreteness). Let (M, C) be a gauge bounded Cartier module, a
an ideal and T > 0. Then the set of test modules τ(M, at) for 0 ≤ t ≤ T is finite.
Proof. The proof of [Bli13, Theorem 4.18] applies. 
Some of these results also generalize to the case of mixed test modules of the
form τ(M, at11 , . . . , atnn ). In this case the Cartier algebra is given in degree e by
Ceadt1p
ee
1 · · · adtnp
ee
n . In the following we will write Rn 3 t > 0 if ti > 0 for all i.
4.4. Proposition. Fix ideals a1, . . . , am. Given 0(t1, . . . , tm) ∈ Rm \ {0} there
is (r1, . . . , rm) > 0 such that for all 0 ≤ (ε1, . . . , εm) ≤ r the mixed test ideals
τ(M, at11 · · · atnn ) and τ(M, at1+ε11 · · · atn+εnn ) coincide.
Proof. The proof of Proposition 4.1 applies. One only needs to replace c2η by cn+1η
in the last computation. 
Similarly one can prove a Briançon-Skoda theorem for mixed test modules:
4.5. Proposition. For an R-Cartier module M , and a sequence of Ideals a1, . . . , an
in R, and 0 ≤ t1, . . . , tn ∈ Rn with ti ≥ 1 for some fixed i we have
ai · τ(M, at11 · · · ati−1i · · · atnn ) ⊆ τ(M, at11 · · · atnn ),
with equality if ti is greater or equal than the minimal number of generators of ai.
We do not know how to prove a discreteness result in the mixed test module case
unless the field is finite. The issue is that the set of test modules τ(M, at11 · · · atnn )
is in general not totally ordered.
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4.6. Remark. An important special case is where the algebra C is generated by a
single element κ. Given a principal ideal a = (f) one can then form the associated
graded of the test module filtration
Grt(M, a) = τ(M, at−ε)/τ(M, at).
This filtration again carries a Cartier module structure given by κfdt(p−1)e. Passing
to crystals we are in a situation where we have an equivalence with constructible
p-torsion sheaves (we refer to [Stä15b] for a more detailed treatment).
One also has inclusion results similar to Proposition 4.1 in a quite general setting
for the mixed test modules with an analogous proof henceforth omitted.
We now assume that R is any noetherian ring. In the following we will denote
by AssC(M) the associated primes of the C-module M .
4.7. Lemma. Let C′ ⊆ C be Cartier algebras and N ⊆M , where N is a C′-module
and M is a C-module. Then AssC′ N ⊆ AssCM .
Proof. If H0η (M)η is not C′-nilpotent then a fortiori it is not C-nilpotent. Hence,
AssC′M ⊆ AssCM . Using Lemma 1.6 (a) the claim follows. 
4.8. Lemma. Let A,B ⊆M be Cartier submodules. If B ⊆M is a nil-isomorphism
then A ∩B ⊆ A is also a nil-isomorphism.
Proof. The cokernel A/(B ∩A) is contained in M/B and the latter is nilpotent by
assumption. 
4.9. Proposition. Let M be a C-module and C′ ⊆ C then τ(M, C′) ⊆ τ(M, C).
Proof. Note that MC′ ⊆ MC . Assume now that N ⊆ MC is a C-submodule such
that H0η (N)η ⊆ H0η (MC)η is a nil-isomorphism for all η ∈ AssM . It is, in par-
ticular, a nil-isomorphism of C′-modules and we conclude with Lemma 4.8 that
MC′ ∩N ⊆MC′ induces a nil-isomorphism after localizing and applying H0η . From
Lemma 4.7 and the fact that the test module is the minimal submodule τ such that
H0η (τ)η ⊆ H0(MC′)η is a nil-isomorphism we conclude that τ(M, C′) ⊆ τ(M, C) as
claimed. 
4.10. Corollary. Let C′ ⊆ C Cartier algebras and N ⊆M , where N is a C′-module
and M is a C-module. Then τ(N, C′) ⊆ τ(M, C).
Proof. From Proposition 4.9 we get τ(M, C′) ⊆ τ(M, C). By functoriality (Propo-
sition 1.15) we have τ(N, C′) ⊆ τ(M, C′). 
We note the following lemma. It asserts that existence of τ may always be
reduced to a question about finitely generated Cartier algebras.
4.11. Lemma. Let M be an F -pure coherent C-module. Then there is a finitely
generated Cartier algebra C′ ⊆ C such that H0η (M)C = H
0
η (M)C′ for every associated
prime η of M and such that MC = MC′ . For any such algebra we have Cτ(M, C′) =
τ(M, C).
Proof. Since M is coherent AssC(M) is finite. Moreover, each of the C-modules
H0η (M) (for η ∈ AssC(M)) is also coherent. Hence, we find finitely many (homoge-
neous) elements κe ∈ Ce such that
∑
e κe(M) = M . Fixing η we find finitely many
κ′e such that
∑
e κ
′
eH
0
η (M)C = H
0
η (M)C . Denote the algebra generated by the κ
′
e
and κe by C′. Then we have
H0η (M)C = C
′e
+H
0
η (M)C ⊆ C
′e
+H
0
η (M) ⊆ Ce+H0η (M) = H0η (M)C .
Repeating this for all η and enlarging C′ we may assume that C′+M = M and
H0η (M)C′ = H
0
η (M)C .
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Let now N = τ(M, C′). That is N is the minimal C′-submodule of M for which
H0η (N)η ⊆ H0η (M)η is a nil-isomorphism for every η. In particular, we have
Ce+H0η (M)η = C′e+H0η (M)η ⊆ H0η (N)η (1)
for all e 0 and all η.
Note that one has CH0η (N) ⊆ H0η (CN). Indeed, the left hand side is the C-
module generated by the ηk-torsion of N while the right-hand side is a C-module
which contains the ηk-torsion of N since N ⊆ CN .
This observation shows together with (1) that we have inclusions
Ce+H0η (M)η = C+Ce+H0η (M)η ⊆ C+H0η (N)η ⊆ CH0η (N)η ⊆ H0η (CN)η.
This shows that we have a nil-isomorphismH0η (CN)η ⊆ H0η (M)η for each associated
prime η. Recall, that τ(M, C) is minimal with this property. Moreover, we have
N ⊆ τ(M, C) by Proposition 4.9 and hence CN ⊆ τ(M, C). By minimality we
conclude that τ(M, C) = CN . 
5. Twisted inverse images and pushforwards for Cartier modules
The purpose of this section is to introduce the twisted inverse image and push-
forward functors for Cartier modules. We show that these functors are compatible
with nil-isomorphisms and thus induce functors on the corresponding categories of
Cartier crystals.
This extends some results of [BB13], where the case of a single structural mor-
phism κ : F∗M →M was treated.
We recall first the definition of a Cartier algebra for a scheme. It generalizes the
one for a ring (cf. Definition 1.1) in a straightforward way.
5.1. Definition. An N-graded sheaf of rings CX on a scheme X is a Cartier algebra
over X if CX is a quasi-coherent OX -bimodule with r · κ = κ · rpe for local sections
r, κ with κ homogeneous of degree e. We further require that the homogeneous
elements of degree zero of CX coincide with OX . A morphism of Cartier algebras
is a ring homomorphism C1 → C2 that is OX -linear for the bimodule structures.
As in the case of X = SpecR a C-module (or Cartier module) will always denote
a left C-module. We will only consider Cartier modules which are (quasi-)coherent
as OX -modules.
5.2. Lemma. The structure of a CX-module on a sheaf of sets M is equivalent to
a coherent OX-module structure on M together with a graded homomorphism of
rings Ξ : CX →
⊕
e≥0HomOX (F e∗M,M), here the multiplication on the right hand
side is defined as ϕ · ψ = ϕ ◦ F e∗ψ, if ϕ is homogeneous of degree e.
Proof. The correspondence is given by defining κe · m = Ξ(κe)(m) for κe ∈ CX
homogeneous of degree e. 
5.3.Proposition. Let f : X → Y be a morphism of schemes and CY an OY -Cartier
algebra. Then CX = f−1CY ⊗f−1OY OX is an OX-Cartier algebra if we define its
left OX-module structure for local sections via s(κ ⊗ t) = κ ⊗ spet, where κ ∈ Ce,
and its multiplication by (κ⊗ s) · (κ′⊗ t) = κκ′⊗ spe′ t, where κ′ is homogeneous of
degree e′.
Proof. It is enough to show that the presheaf f−1CY ⊗f−1OY OX is a Cartier alge-
bra, since sheafification preserves both ring and module structures. For any open
U ⊆ X we have f−1OY (U) = colimf(U)⊆V OY (V ) and similarly for f−1CY (U).
Since both are filtered colimits we can endow OX with the same colimit structure
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(with transition maps the identity) and apply [BS16, Lemma 3.4] to obtain an
isomorphism
(f−1CY ⊗f−1OY OX)(V ) ∼= colimf(U)⊆V CY (V )⊗OY (V ) OX(U).
We have reduced to showing: If R → S is a ring homomorphism and CR is a
Cartier algebra then CR⊗RS with multiplication and bimodule structure as defined
above is an S-Cartier algebra. Since S is commutative and of characteristic p > 0
the left-module structure is well-defined. Next, one verifies that the map
(CR × S)× (CR × S) −→ CR ⊗R S,
((
∑
e
ϕe, s), (
∑
d
ψd, s
′)) 7−→
∑
e,d
ϕe ◦ ψd ⊗ spds′
induces the desired multiplication map
∑
e ϕe⊗ s ·
∑
d ψd⊗ s′ =
∑
e,d ϕeψd⊗ sp
d
s′.
An explicit computation shows that this defines a ring structure on CS . 
5.4. Definition. If f : X → Y is a morphism and CY a Cartier algebra on Y then
we will denote CX as constructed in Proposition 5.3 by f∗CY and refer to it as the
pullback of CY (along f).
Let f : X → Y be a morphism of noetherian schemes and M a quasi-coherent
OY -module. If f is finite then the twisted inverse image f !M is f¯∗HomOY (f∗OX ,M),
where f¯ : (X,OX) → (Y, f∗OX) is the canonical flat map of ringed spaces. If f is
essentially smooth then the twisted inverse image f !M is given by ωf ⊗ f∗M . In
particular, if f is essentially étale then f !M = f∗M . Furthermore, in the essen-
tially étale case one has an isomorphism f∗F e∗M → F e∗ f∗M which locally is given
by F e∗M ⊗R S → F e∗ (M ⊗R S),m⊗ s 7→ m⊗ sp
e (cf. [BB13, Lemma 2.2.1]).
5.5. Theorem. Let f : X → Y be a morphism of noetherian schemes and M a
CY -module. Let κ ⊗ s ∈ CX be a local section homogeneous of degree e. We define
a CX module structure on f !M in the following cases.
(a) For finite f and a local section ϕ ∈ f !M we set (κ⊗s) ·ϕ = κ◦F e∗ (ϕ◦µs)◦F eX ,
where µs is multiplication by S.
(b) For essentially étale f : If U ⊆ Y open affine and U ′ ⊆ f−1(U) open affine and
m⊗ tpe ∈M(U) a local section we define a Cartier structure via (κ⊗ spe) ·m⊗
tp
e = κ(m)⊗ ts.
(c) For f smooth: If SpecR = U ⊆ Y is open affine and U ′ ⊆ f−1(U) is such
that U ′ → U factors as U ′ → AnR → SpecR, where the first map is étale, then
we define a CR[x]-module structure on g!M , where g : SpecR[x] → SpecR, by
κ ⊗∑i aixi · dx ⊗ r ⊗m = ∑i x i+1pe −1dx ⊗ 1 ⊗ κ(raim), where the expression
i+1
pe − 1 is understood to be zero whenever i+1pe it is not an integer.
Proof. We have to show in each case that the assignment
CS →
⊕
e≥0
HomS(F e∗ f !M |U ′ , f !M |U ′),
where U ′ = SpecS ⊆ f−1(U) and SpecR = U ⊆ Y are open and affine, is a ring
homomorphism and that we can glue these homomorphisms to obtain a homomor-
phism CX → Hom(F e∗ f !M,f !M). By Lemma 5.2 the claim then follows.
(a) One readily verifies that the assignment is a ring homomorphism. Gluing fol-
lows from the fact that both CR and OY are quasi-coherent and that we have
f∗CR|U ′ = (CY (U)⊗OY (U)⊗OX(U))∼. The map defining the module structure
in turn is induced from a map CR × S →
⊕
e HomS(F e∗ f !M,f !M) and this
map clearly glues.
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(b) One checks that the map
Ce,R × S → HomS(F e∗ f !M,f !M), (κ, s) 7→ ϕκ ◦ F e∗ (id⊗ µs)
is bilinear, where ϕκ is the map F e∗ (M ⊗R S)→M ⊗R S induced by the image
of κ ∈ CR in HomR(F e∗M,M).
Hence, we obtain the desired map CS →
⊕
e≥0 HomS(F e∗ f !M,f !M). Since
this map is additive and since we can write any s ∈ S as ∑i rispei for suitable
ri ∈ R and any e ≥ 1 we only have to verify multiplicativity for homogeneous
elements of the form κ ⊗ spa , κ′ ⊗ s′pb . This is a straightforward computation
which we leave to the reader.
Note that we have natural maps of rings CR → CS and S → CS . Moreover,
f !M carries an S-module structure and the image of M → f∗f !M is a CR-
module. The CS-module structure defined above is uniquely determined by
the fact that it extends these module structures. In particular, the CS-module
structure is compatible on intersections and thus glues.
(c) In order to show that CU ′ →
⊕
e≥0 Hom(F e∗ f !M |U , f !M |U ) is a ring homomor-
phism it suffices by (b) to show that the map
CA1
U
→
⊕
e≥0
HomR[x](F e∗ g!M |U , g!M |U )
is a ring homomorphism. This in turn is easily verified.
Note that by [Stä15a, Lemma 3.1 and the preceding discussion] our local
definition of the module structure is functorial in the sense that we have an
R-linear map
CR →
⊕
e≥0
HomR(F e∗M,M)→
⊕
e≥0
f∗HomS(F e∗ f !M,f !M)
which uniquely corresponds to the S-linear map
CS →
⊕
e≥0
HomS(F e∗ f !M,f !M)
that defines the module structure. Since the R-linear map glues we can also
glue our module structure.

5.6. Remark. (a) In defining a CS-module structure for f étale on f !M one might
think that it is induced by tensoring the map CR →
⊕
e≥0 HomR(F e∗M,M)
with S and making the natural identification
HomR(F e∗M,M)⊗R S ∼= HomS(F e∗ f !M,f !M).
However, this is not the case. Indeed, with this identification the element κ⊗sp
corresponds to the map [m⊗ tp 7→ κ(m)⊗ tsp], while first applying id⊗sp and
then κ⊗ 1 yields the map [m⊗ tp 7→ κ(m)⊗ st].
(b) One expects that if f : X → Y can be factored into a composition of finite
and smooth morphisms, then one similarly has a functor f ! from Cartier mod-
ules on Y to Cartier modules on X. However, we do not verify the required
compatibilities here (cf. also [Har66, III.8]).
The following is an immediate generalization of corresponding adjointness results
shown in [BB13] in the case of a single Cartier linear operator.
5.7. Proposition. Let f : X → Y be a morphism of noetherian schemes.
(1) If f is finite, then (f∗, f !) form an adjoint pair of functors of Cartier mod-
ules (resp. Cartier crystals).
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(2) If f is essentially étale, the (f∗, f∗) form an adjoint pair of functors of
Cartier modules (resp. Cartier crystals).
Proof. The respective units of adjunctions are obtained from the adjunctions of
the underlying quasi-coherent sheaves. To check that these are Cartier linear for a
Cartier algebra C comes down to checking this for every homogeneous element of C,
but this is precisely the case that is verified in [BB13, Sections 3.3 and 3.4]. That
these adjunctions on the level of Cartier modules induce such for the corresponding
Cartier crystals is immediate. 
If f : X → Y is finite étale then we have defined a CX -module structure on f !M
in two ways. These two module structures coincide:
5.8. Lemma. Let f : SpecS → SpecR be finite étale. Then Tr(sp) = Tr(s)p.
Proof. This is local so that we may assume that S is a free R-module. Fix a basis
s1, . . . , sn. The isomorphism F∗R⊗R S → F∗S, r⊗ s 7→ rsp shows sp1, . . . , spn is also
a basis for S. One readily deduces the claim. 
5.9. Proposition. If f : X → Y is finite and étale and M a CY -module then one
has an isomorphism of CX-modules f∗M → f¯∗HomOY (f∗OX ,M).
Proof. This is local so that we may assume that f : SpecS → SpecR. Then
one has an isomorphism of S-modules M ⊗R S → HomR(S,M),m ⊗ spe 7→ [t 7→
Tr(spet) · m], where Tr : S → R is the ordinary trace map (cf. e.g. [Len08, 1.4,
1.2 and Proposition 6.9]). We need to verify that this is compatible with Cartier
structures. So let κ ⊗ upe be homogeneous of degree e. Then letting κ ⊗ upe act
on t 7→ Tr(spet) · m we obtain according to Proposition 5.5 (a) and Lemma 5.8
κ(Tr((stu)pe)m) = Tr(stu)κ(m).
The other way around, first applying κ⊗ upe to m⊗ spe yields κ(m)⊗ us which
is mapped to t 7→ Tr(stu)κ(m) by the above isomorphism. 
5.10. Corollary. Let f : X → Y be a finite or smooth morphism of noetherian
schemes. If M is a nilpotent CY -module, then f !M is also nilpotent. In particular,
f ! preserves nil-isomorphisms and induces a functor on crystals.
Proof. This is a local issue so that we may assume that Y = SpecR and X =
SpecS are both affine. The nilpotence of M is equivalent to the fact that every
homogeneous element of CeR+ operates trivially on N . A homogeneous element of
CeS+ is a sum of elements κ⊗ s with κ ∈ CeR+. Let us assume that f is finite. If κ
operates as zero on M then clearly (κ⊗ s)ϕ = 0 for any ϕ ∈ f !M .
The smooth case follows from a similar computation. 
5.11. Lemma. Let f : X → Y be a morphism of noetherian schemes and let
CY be a Cartier algebra on Y . Then the adjoint of idf∗CY , i.e. the natural map
CY → f∗f∗CY is a morphism of Cartier algebras.
Proof. The map CY → f∗f∗CY is clearly OY -linear. We still need to check that it
is multiplicative. This in turn is local so that we may reduce to the case where Y =
SpecR. Then the adjoint of the identity is given by the map CR → Γ(X, f∗CR), κ 7→
κ⊗ 1 which is clearly multiplicative. 
5.12. Definition. If f : X → Y is a morphism of noetherian schemes, CY , CX are
Cartier algebras with f∗CY ∼= CX and M is a CX -module then we endow f∗M with
a CY -structure via the map of Lemma 5.11 above.
5.13. Proposition. Let f : X → Y be an affine morphism of noetherian schemes
and let M be a Cartier module on X. Then f∗CX+M = CY+f∗M . In particular,
M is F -pure if and only if f∗M is F -pure.
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Proof. This is local so that we may assume that X = SpecS and Y = SpecR. The
inclusion from right to left is clear. The other inclusion follows from (κ ⊗ s)M ⊆
(κ⊗ 1)M . 
5.14. Example. It is easy to see that for a proper morphism f∗M is F -pure if
M is F -pure. The converse is not true. Consider a supersingular elliptic curve
f : X → Spec k, where k is a perfect field. Then ωX endowed with a Cartier
structure via the Cartier operator κ is F -pure.
However, f∗ωX = H0(X,ωX) ∼= k with the Cartier structure induced from
F∗f∗ω ∼= f∗F∗ω f∗κ−−→ f∗ωX is zero. This is due to the fact that the action of the
Cartier operator on global sections corresponds via Grothendieck-Serre duality to
the Frobenius action H1(X,OX) → H1(X,F∗OX) which, by our assumption, is
zero.
In fact, for any smooth projective variety X of dimension d whose p-rank is not
maximal one has that the Frobenius action on Hd(X,OX)→ Hd(X,F∗OX) is not
injective. This implies that the corresponding Cartier action on F∗H0(X,ωX) →
H0(X,ωX) is not surjective.
5.15. Proposition. Let f : X → Y be a morphism of noetherian schemes and let
M be a Cartier module on X. If M is nilpotent then so is f∗M . If f is affine the
converse holds. Moreover, f∗ induces a functor on crystals.
Proof. Assume that M is nilpotent. If U ⊆ Y is open then f∗M(U) = M(f−1(U)).
The action of CY is induced by the natural map CY (U)→ CX(f−1(U)). By assump-
tion CeX+(f−1(U)) acts as zero onM(f−1(U)) for all sufficiently large powers e. We
conclude that CeY+(U) also acts as zero. Hence, if the open sets U run through a
covering of Y we obtain some e so that CeY+ annihilates f∗M . If f is affine the
converse follows from Proposition 5.13. Since f∗ preserves nilpotence it induces a
functor on crystals. 
5.16. Example. Consider k = Fp, f : Pnk → Spec k and ω = OPnk (−n − 1) with
Cartier algebra generated by the Cartier operator. Then f∗ω = H0(Pnk , ω) = 0 so
that f∗ω is nilpotent, while clearly ω is not nilpotent.
6. Test modules and twisted inverse image
In this section we show that F -regularity (and hence the test module) is preserved
by étale, and more generally, smooth twisted inverse images. Moreover, we will see
that one has an (in general proper) inclusion τ(f !M) ⊆ f !τ(M) in the finite case.
This is a local issue so that we may reduce the smooth case to the étale case
and the situation AnR → SpecR. The latter will be handled explicitly. The idea to
prove the étale case is as follows. Test element theory allows us to reduce to the
situation where f : SpecS → SpecR is finite étale with R a normal integral domain.
With a little more work we may further assume that the extension of function
fields is Galois, where we replace SpecS by any connected component. Then the
claim follows from a Galois invariance argument. In particular, this argument also
removes the assumption that the Cartier algebra is generically principal that was
necessary for the approach of [Stä15b, Theorem 6.15] to work.
Starting with this section we adopt the following convention: If SpecS → SpecR
is a morphism and η a prime in R then the notation Sη is short-hand notation for
S[(R \ η)−1].
6.1. Lemma. If M is a CY -module and f : X → Y essentially étale or smooth then
CX+f !M = f !CY+M , where CX = f∗CY .
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Proof. This is local on X and hence on Y so that we may assume that f : SpecS →
SpecR. We start with the essentially étale case. The inclusion from right to left is
clear. On the other hand, given κ⊗ s homogeneous of degree e and m⊗ t we may
write m⊗ st =∑imi ⊗ upei and then κ⊗ s ·m⊗ t =∑i κ(mi)⊗ ui ∈ f !C+M .
For the smooth case we may factor f as an étale map ϕ : SpecS → SpecAnR
followed by the structural map AnR → SpecR. It suffices to treat the latter case
and to restrict to n = 1, i.e. f is the natural map SpecR[x] → SpecR. For the
inclusion from right to left if u = dx⊗r⊗κ(m) ∈ f !CX+M , where κ is homogeneous
of degree e, then dx⊗ rpexpe−1 ⊗m is mapped to u by κ⊗ 1. The other inclusion
is clear. 
6.2. Lemma. Let M be a CY -module and let f : X → Y be an essentially étale
morphism. Then Ass f !M = f−1AssM .
Proof. This is local onX and hence also Y so that we may assume that f : SpecS →
SpecR is a morphism of affine schemes. We may assume that M is F -pure by
Lemma 1.9. By Proposition 1.19 we may further assume that SuppM = SpecR
and that R is reduced (it follows that S is reduced since f is étale). By Lemma 3.2
we may identify H0η (M) with i!(M), where i : SpecR/η → SpecR is the natural
closed immersion and η ∈ AssM . Furthermore H0η (Mη) = H0η (M)
η
is then given
by j!i!M , where j : Spec(R/η)η → SpecR/η is the inclusion of the generic point.
Since F -purity is preserved by essentially étale morphisms (use Lemma 6.1 above)
we may argue similarly for ν ∈ Ass f !M . We have the following pullback diagram
Spec(R/η)η
j
// SpecR/η i // SpecR
F
j′
//
f ′′
OO
SpecS/ηS i
′
//
f ′
OO
SpecS
f
OO
where F = Spec(S/ηS)[(R \ η)−1] is simply the fiber of f over η. Since f is étale
the fiber is finite. Hence, if ν is a point in the fiber, which by abuse of notation
we identify with a point in SpecS, then the inclusion α : (SpecS/ν)ν → F is open
hence étale. We conclude that β = f ′′ ◦ α : Spec(S/ηS)ν → Spec(R/η)η is étale
and surjective.
Assume now that η ∈ AssM and that ν is a point in the fiber of f over η. By
assumption N = j!i!M is not nilpotent. If β!j!i!M = H0ν (f !M)ν is nilpotent then
using Lemma 6.1 and faithful flatness of β we conclude that j!i!M is also nilpotent.
This is a contradiction.
Conversely, if ν ∈ Ass f !M , i.e. β!j!i!M is not nilpotent, then a fortiori j!i!M is
not nilpotent. 
The following lemmata are well-known. However, we were unable to track down
a precise reference.
6.3. Lemma. Let f : SpecS → SpecR be a finite étale morphism of normal integral
schemes such that the extension of function fields is Galois. Given a coherent R-
module M there is a non-zero c ∈ R such that (M ⊗R S)Gc = Mc, where M ⊗R S
carries the G-action m⊗ s 7→ m⊗ g(s).
Proof. First of all note that, due to normality of S, we have g(s) ∈ S. The inclusion
M ⊆ (M⊗RS)G is clear. By generic freeness we find c such thatMc and (M⊗RS)c
are free. Choose a basis m1, . . . ,mn for M and assume that m =
∑
imi ⊗ si ∈
(M ⊗R S)G. Then for any g ∈ G we have gm = m so that
∑
imi ⊗ g(si) − si =∑
i(g(si)− si) ·mi ⊗ 1 = 0. Since the mi ⊗ 1 form a basis for M ⊗ S we conclude
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that g(si) = si for all g ∈ G. Since Q(S)G = Q(R) and R is normal we obtain that
si ∈ R as desired. 
6.4. Lemma. Let f : SpecS → SpecR be a finite étale morphism of normal integral
schemes such that the extension of function fields is Galois. If N ⊆ f !M is an
S-submodule, where M is free, and N and f !M agree generically, then NG =
N ∩ (f !M)G and M agree generically.
Proof. Fix a basis m1, . . . ,mn of M . Since f !M/N is generically zero we find
0 6= c ∈ S such that c(mi ⊗ 1) ∈ N for all i = 1, . . . , n. If N : S → R denotes the
restriction of the norm then the N (c)(mi⊗ 1) are contained in NG and generically
span all of M . 
In order to apply test element theory we need to assume that our base is essen-
tially of finite type over an F -finite field in the next result.
6.5. Theorem. Let f : X → Y be an essentially étale morphism with Y essentially
of finite type over an F -finite field and M a CY -module. If M is F -regular then
f !M is an F -regular CX = f∗CY -module. If f is surjective the converse holds.
Proof. F -regularity is local so that we may assume that Y = SpecR and X =
SpecS are both affine.
By Lemma 6.1 we may assume that both M and f !M are F -pure. In particular,
by making a base change we may assume that R is reduced and SuppM = SpecR.
Assume that f is surjective and that M is not F -regular. Hence, M admits a
proper submodule N for which the inclusion H0η (N) ⊆ H0η (M) is a nil-isomorphism
for all associated primes η ofAssM . By faithful flatness f !N is a proper submodule
of f !M and f !H0η (Mη) = H0ηS(f !Mη) ([BS98, Lemma 4.3.1]). Let now ν be an
associated prime of Ass f !M which by Lemma 6.2 lies above some associated prime
η of M . From the proof of Lemma 6.2 we deduce that
H0ν (f !N)ν = H
0
ηS(f !N)
ν
and H0ηS(f !M)
ν
= H0ν (f !M)ν .
Since the inclusion H0ηS(f !N)
ν
⊆ H0ηS(f !M)
ν
is a nil-isomorphism we have that
the inclusion H0ν (f !N)ν ⊆ H0ν (f !M)ν is also a nil-isomorphism. But then also
H0ν (f !N)ν ⊆ H0ν (f !M)ν is a nil-isomorphism as desired.
For the other direction let us denote the associated primes of M by η1, . . . , ηn.
We claim that it is sufficient to find a sequence of test elements c1, . . . , cn ∈ R for
M , where each ci is chosen in such a way that H0ηi(M)ci has only one associated
prime, namely ηi, such that f !(H0ηi(M))ci = H
0
ηiS
(f !M)
ci
is F -regular. Assume
that this holds and fix an associated prime η of SpecR and c ∈ R as above. We
note that the associated primes of f !H0ηi(M)ci are the elements in f
−1(ηi) which
we will denote by ν1, . . . , νmi . We are therefore in the following situation:
Spec(S/ηS)c
f ′

i′ // SpecSc
f

Spec(R/η)c i // SpecRc
Choosing a different c we may assume that (R/η)c is normal. Since f ′ is étale
and (SpecR/η)c is normal and integral Spec(S/ηS)c splits as a direct sum, where
the irreducible (equivalently connected) components are given by (SpecS/νj)c, for
j = 1, . . . ,m. Since all associated primes of f !H0η (M)c are minimal we may invoke
[Stä15b, Lemma 6.13] to see that the H0νj (f
!M)
c
are F -regular for j = 1, . . . ,m.
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Hence, the ci are test elements for the ν1, . . . , νmi and the ci (with appropriate
repetitions) form a sequence of test elements for f !M .
Observe that we have an inclusion
∑m
j=1 C+cH0νj (f !M) ⊆ H0ηS(f !M) which be-
comes an equality when localizing at c. Hence, by Lemma 2.2 we get
cH0ηS(f !M) ⊆
m∑
j=1
C+cH0νj (f !M).
Using Theorem 3.4 we conclude that τ(f !M) must contain∑
i
C+f !(ciH0ηi(M)) =
∑
i
f !(C+ciH0ηi(M)) = f !τ(M) = f !M
as claimed.
In order to finish the proof we argue that we may find test elements c1, . . . , cn ∈ R
forM with the required properties. SinceAssH0ηi(M) consists of associated primes
containing ηi we find c such that the only associated prime of H0ηi(Mci) is ηi. Let
us now fix ηi and omit the index. If i : SpecR/η → SpecR denotes the closed
immersion then Lemma 6.1 implies that f ′!i!M = i′!f !M , where f ′ : SpecS/ηS →
SpecR/ηR is the base change of f and i′ the base change of i. Due to Remark 3.3
we may identify i!M with H0η (M).
Replacing c by cd for suitable d we may further assume that Spec(R/η)c is regular
and integral. In particular, (S/ηS)c is a product of regular domains. By further
restriction we may assume that f : Spec(S/ηS)c → Spec(R/η)c is finite ([Har77,
Exercise III.3.7]). Since we only have minimal associated primes we may moreover
assume that Spec(S/ηS) is integral by [Stä15b, Lemma 6.13]. Finally, by the first
direction of the theorem we may assume that the extension of function fields is
Galois.
Assume now that f !i!M c is not F -regular. This means that we find a proper
submodule N ⊆ f !i!M c that generically coincides with f !i!M c. Note that the G-
invariants NG are a C-module. By Lemma 6.3 we obtain an inclusion NG ⊆ i!M c
which still induces a generic equality (Lemma 6.4), where we once again change c.
Since i!M c is F -regular this inclusion has to be an equality. But this contradicts
the fact that f !(NG) ⊆ N ( f !M . 
6.6. Corollary. Let f : X → Y be an essentially étale morphism with Y essentially
of finite type over an F -finite field and M a CY -module. Then f !τ(M) = τ(f !M).
Proof. We may replaceM byM . By exactness of f ! we have an inclusion f !τ(M) ⊆
f !M . Since for any associated prime η of M we have nil-isomorphisms
H0ηS(f !τ(M))η ⊆ H0ηS(f !M)η
we a fortiori have nil-isomorphisms
H0ν (f !τ(M))ν ⊆ H0ν (f !M)ν
for any associated prime ν of f !M . Now τ(f !M) is minimal with this property so
that τ(f !M) ⊆ f !τ(M). By Theorem 6.5 the module f !τ(M) is F -regular which
shows that equality holds. 
We now turn to the smooth case:
6.7. Lemma. Let g : AnR → SpecR be the natural morphism. If M is a Cartier
module and η a prime in R then g!H0η (M) = H0ηR[x](g!M).
Proof. It suffices to prove the case n = 1. Since ωR[x]/R is free of rank one and
g!A = g∗A⊗R[x] ωR[x]/R = A⊗R ωR[x]/R this follows from flatness of g and the fact
that C′+g!M = g!C+M for a Cartier module M (Lemma 6.1), where C′ = g∗C. 
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6.8. Lemma. Let g : AnR → SpecR be the natural morphism. Then the map
s : SpecR→ AnR, η 7→ ηR[x1, . . . , xn]
induces a bijection between AssM and Ass g!M .
Proof. Again we only need to prove this for n = 1. By [Mat89, Theorem 23.2 (ii)]
(note that the AssA should read AssB) the associated primes of the S-module
M ⊗R R[x] are precisely the ηR[x] for which η is an associated prime of the R-
module M .
Assume that η is associated to M and note that we may identify g! with g∗
since the relative dualizing sheaf ω = R[x]dx is trivial. We have g!ηH0η (Mη) =
H0ηS(g!ηMη) = H0ηS((g!M)η). Since g!η and localization preserve F -purity by Lemma
6.1 we conclude that ηR[x] is an associated prime of g!M . 
6.9. Theorem. Let f : X → Y be a smooth morphism, where Y is essentially of
finite type over an F -finite field. If M is an F -regular Cartier module then f !M is
also F -regular.
Proof. By Proposition 1.19 (b) the issue whether f !M is F -regular is local on X.
Hence, we reduce to the situation f : SpecS → SpecR and may factor f as g ◦ ϕ,
where ϕ is étale and g : AnR → SpecR is the natural map. The étale case is Theorem
6.5, hence we only need to show that g!M is F -regular if M is F -regular. As before
it suffices to deal with the case n = 1.
Denote the associated primes ofM by η1, . . . , ηn. By Theorem 3.6 above we find
test elements c1, . . . , cn forM such that the only associated prime of H0ηi(M)ci is ηi.
By Lemma 6.8 the associated primes of g!M are given by η1R[x], · · · , ηnR[x]. Since
the associated primes of H0ηi(Mci) are all minimal we conclude using Proposition
2.1, Lemma 6.7 and [Stä15a, Lemma 3.6] that H0ηR[x](g!M)
ci
is F -regular. In
particular, the ci are test elements for ηiR[x]. Hence,
τ(g!M) =
∑
i
C′+ciH0ηiR[x](g!M)
=
∑
i
C′+ciH0ηi(M)⊗R R[x]dx = τ(M)⊗R R[x]dx = g!M.

6.10. Corollary. Let f : X → Y be a smooth morphism, where Y is essentially
of finite type over an F -finite field. Then for any coherent C-module M one has
f !τ(M) = τ(f !M).
Proof. Since this is local and using Corollary 6.6 we may immediately reduce to the
situation that f : A1R → SpecR. The argument proceeds now similarly to Corollary
6.6 using Lemma 6.8. 
6.11. Corollary. Let f : X → Y be a smooth morphism, where Y is essentially of
finite type over an F -finite field, a an ideal sheaf and t ∈ Q. Then for any coherent
C-module M one has f !(τ(M, at−ε)/τ(M, at)) = τ(f !M, at−εOX)/τ(f !M, atOX).
Proof. Immediate from Corollary 6.10 and right-continuity (Proposition 4.1) since
f ! is exact. 
6.12. Lemma. Let f : X → Y be a finite dominant morphism with Y F -finite and
M a CY -module. Then Ass f !M = f−1AssM .
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Proof. This is local and so reduces to a situation f : SpecS → SpecR. The proof
is similar to the one of Lemma 6.2. Given a prime η ∈ SpecR and ν a prime in the
fiber of η we consider the pullback square
Spec(S/ηS)η
f ′

α′ // SpecS
f

Spec(R/η)η α // SpecR
and the closed immersion β : Spec(S/ν)ν → Spec(S/ηS)η. Due to Lemma 3.2 the
prime η is associated to M if and only if α!M is not nilpotent. Similarly, ν is
associated to f !M if and only if β!f ′!α!M is not nilpotent. In particular, Corollary
5.10 implies that if ν is associated to f !M then ν ∈ f−1AssM .
Let us denote the composition f ′ ◦β by γ and note that γ corresponds to a finite
field extension K ⊆ L. Hence, we have to show that if M a non-nilpotent K-vector
space then γ!M = HomK(L,M) is not nilpotent as an L-vector space. Recall that
if κ : F e∗M → M corresponds to the action of a homogeneous element of (C+)h
then the corresponding action on γ!M is given by the formula ϕ 7→ κϕF e. If M is
not nilpotent we find one such κ and m ∈ M such that κ(m) is non-zero. Since 1
is part of a K-basis of L we find ϕ ∈ γ!M such that ϕ(1) = m. We then obtain
κϕ(F e(1)) = κ(m) 6= 0 which shows that γ!M is not nilpotent. 
6.13. Proposition. Let f : X → Y be a finite dominant map and M a CY -module.
Then τ(f !M) ⊆ f !τ(M).
Proof. This is local so that we may assume that X = SpecS and Y = SpecR.
We will show that for ν ∈ Ass f !M the inclusion H0ν (f !τ(M))ν ⊆ H0ν (f !M)ν is
a nil-isomorphism. Since τ(f !M) is minimal with this property we then obtain
τ(f !M) ⊆ f !τ(M) ⊆ f !τ(M). Let us write f(ν) = η. From the diagram in Lemma
6.12 we obtain that f ′!H0η (M)
η
= H0ηS(f !M)
η
which lives on the reduced fiber
F = Spec(S/ν1)ν1 × . . . × (S/νn)νn , where each (S/νi)νi is a finite field extension
of (R/η)η (with ν = ν1 say). If j : Spec(S/ν)ν → F denotes the inclusion then we
obtain that j!H0ηS(f !M)
η
= H0ν (f !M)ν . Consider now the inclusion H
0
η (τ(M))η ⊆
H0η (M)η which is a nil-isomorphism. We obtain that the inclusion H0ν (f !τ(M))ν ⊆
H0ν (f !M)ν is still a nil-isomorphism since f !, j! are left-exact, f !M ⊆ f !M and
f !τ(M) ⊆ f !τ(M) are nil-isomorphisms and since H0ν , localization and f ! preserve
nil-isomorphisms (Lemma 1.8 and Corollary 5.10). 
Equality does not hold in general (cf. [Stä15a, Example 3.13] and note that the
Cartier module in the example only has minimal associated primes).
Let us write Gr(M, at) for the quotient τ(M, at−ε)/τ(M, at). With this notation
we have:
6.14. Corollary. Let f : SpecS → SpecR be a finite dominant map and M a
CR-module and a an ideal. Then Gr(f !M, at) ⊆ f !Gr(M, at).
Proof. We have the following commutative diagram with exact rows, where the
vertical arrows are injective (due to Proposition 6.13):
0 // τ(f !M, at) //

τ(f !M, at−ε) //

Gr(f !M, at) // 0
0 // f !τ(M, at) // f !τ(M, at−ε) // f !Gr(M, at)
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One sees that this induces the desired inclusion. 
7. A relative notion of gauge boundedness
The goal of this section is to prove that, under suitable conditions on CY , for
f : X → Y a morphism of finite type andM a coherent CX -module on X one finds a
coherent CY -submodule N ⊆ f∗M for which the inclusion is a local nil-isomorphism
(see 7.3 below). This enables us to make sense of τ(f∗M).
The idea of the proof is a modified version of the argument used in [BB13,
Theorem 3.2.14], where this is proven in the situation of a single Cartier linear
operator. One needs to incorporate techniques used in [Bli13] on gauge boundedness
to make this work in greater generality.
7.1. Definition. Let S be a finite type R-algebra (for some ring R) and fix a
presentation S = R[x1, . . . , xn]/I. For a multi-index i = (i1, . . . , in) we denote by
|i| its maximum norm. This induces an increasing filtration Fd on R[x1, . . . , xn],
where Fd is the R-module generated by monomials xi11 · · ·xinn with |i| ≤ d and
F−∞ = 0. This in turn induces an increasing filtration Sd on S given by Sd = Fd ·1
for d ≥ 0 and S−∞ = 0.
Let now M be a coherent S-module and fix generators m1, . . . ,mr. Then we
can define an increasing filtration Md = Sd · 〈m1, . . . ,md〉, M−∞ = 0 on M . Given
m ∈ M we write δ(m) = d, where d is defined by the property m ∈ Md \Md−1.
We call δ a gauge for M .
Note that a gauge depends both on the presentation of S and on the choice of
generators of M . One should think of a gauge as a substitute for the degree in
a polynomial ring. As was already exploited by Blickle (for R = k an F -finite
field) in [Bli13] gauges are a measure for the contracting property of Cartier linear
operators.
For the next definition, recall Lemma 5.2 which said that a CS-module structure
on M is equivalent to a ring homomorphism CS →
⊕
HomS(F e∗M,M).
7.2. Definition. Let f : SpecS → SpecR of finite type, CR a Cartier algebra
and f∗CR = CS . Given a coherent CS-module M we say that (M, CS) is gauge
bounded if for some gauge δ on M there exists a subset {κei | i ∈ I} ⊆ CS+ of
homogeneous elements of degrees ei such that their images in
⊕
e HomS(F e∗M,M)
generate the image of CS+ as a right S-module and a constant K such that for all i
we have δ(κei(m)) ≤ δ(m)pei +K. We say that CS is gauge bounded if for all coherent
CS-modules M the pairs (M, CS) are gauge bounded.
As noted earlier any Cartier algebra C finitely generated over a ring R essentially
of finite type over an F -finite field is gauge bounded. If C is a gauge bounded Cartier
algebra over SpecR then any algebra of the form Cat for an ideal a and a rational
number t ≥ 0 is also gauge bounded (see [Bli13, Propositions 4.9, 4.15]).
7.3. Definition. We say that a quasi-coherent C-module M is locally nilpotent if it
admits a filtration
⋃
e∈NMe = M of nilpotent C-submodulesMe. If ϕ : M → N is a
morphism of quasi-coherent C-modules then we say that ϕ is a local nil-isomorphism
if both kerϕ and cokerϕ are locally nilpotent.
In the following results one obtains a trivial sharpening if one replaces the condi-
tion on the algebra C with the corresponding condition on the image of the algebra
under the ring homomorphism C →⊕e Hom(F e∗M,M).
7.4. Lemma. Let f : SpecS → SpecR be of finite type, C a Cartier algebra on
SpecR with homogeneous right R-module generators {κi | i ∈ I} and C′ = f∗C. If
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M is a coherent C′-module, gauge bounded with respect to the κi ⊗ 1, then f∗M is
locally nil-isomorphic to a coherent C-module.
Proof. By assumption we find K such that for all m ∈M we have δ(κi ⊗ 1(m)) ≤
δ(m)
pei +K, where ei is the degree of κi. Denoting the elements of gauge at most e by
M≤e we claim that the inclusion CM≤K ⊆ f∗M is the desired local nil-isomorphism.
Any homogeneous element κ of degree e in C may be written as a sum ∑i κiri,
where ri ∈ R. Since δ(
∑
imi) ≤ max{δ(mi) | i} and R is contained in gauge zero
any such κ satisfies the inequality
δ(κ(m)) ≤ δ(m)
pe
+K.
Let now A ≥ K + 1 then
δ(Ca+MA) ≤
A
pa
+K.
We conclude that the elements of Ca+(MA) have gauge ≤ K for all a  0 since
δ is integer valued. By definition CM≤K = Cb+M≤K + Cb+1+ M≤K for all b  0.
Hence, C2c+MA = Cc+(Cc+MA) ⊆ Cc+M≤K ⊆ CM≤K for all c ≥ max{a, b}. Note that
CM≤K is clearly a C-module. Moreover, CM≤K consists of elements of gauge at
most Kp +K. Hence, by the above inequality CM≤K consists of elements of gauge
at most K and is thus coherent. 
7.5. Remark. Unfortunately we do not know how to get rid of the assumption
that one has a gauge bound on generators of the form κ⊗ 1. The issue is that if we
start with some arbitrary generating system of C′, then we do not get any control
over the behavior of the algebra C on f∗M .
We will now show that the hypothesis of Lemma 7.4 is satisfied if C is finitely
generated or if C = Dat for some finitely generated Cartier algebra D, a an ideal
and t a positive rational number.
7.6. Proposition. Let f : SpecS → SpecR be of finite type, M a coherent S-
module endowed with a gauge δ. Assume that R is F -finite. If ϕ : F e∗M → M is
an S-linear map, then there is a constant K such that for all m ∈M we have
δ(ϕ(m)) ≤ δ(m)
pe
+ K
pe − 1 .
Proof. By [Gab04, Remark 13.4] there is a closed embedding SpecR→ SpecA such
that F : A → F∗A is finite free. We may therefore replace R with A and assume
that the Frobenius F is free on R. Next, since f is of finite type we may replace S
by a polynomial ring R[x1, . . . , xn]. Since the monomials xe11 · · ·xenn with ei ≤ q−1
are a basis for S over R[xq1, · · · , xqn] and since F e∗R admits a finite R-basis the rest
of the proof works just as in [Bli13, Lemma 4.4, Proposition 4.5]. 
7.7. Proposition. Let f : SpecS → SpecR be of finite type with R F -finite,
C a Cartier algebra finitely generated as an R-Cartier algebra. Then there are
generators {κi ⊗ 1 | i ∈ I} such that for any coherent C′S = f∗C-module M the pair
(M, C′) is gauge bounded.
Proof. Fix algebra generators ϕ1, . . . , ϕn of C. Then the set {ψ |ψ finite product of
ϕi ⊗ 1} is a set of S-module generators for CS . It follows from Proposition 7.6 and
an argument similar to the one in [Bli13, Corollary 4.6] that M is gauge bounded
with respect to the ψ’s. 
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7.8. Proposition. Let f : SpecS → SpecR be of finite type with R F -finite, C a
Cartier algebra finitely generated as an R-Cartier algebra, a ⊆ R an ideal and t ≥ 0
a rational number. Then there are generators {κi ⊗ 1 | i ∈ I} of CS = f∗(Cat) such
that for any CS-module the pair (M, CS) is gauge bounded.
Proof. By Proposition 7.7 we find elements {κi ⊗ 1 | i ∈ I} that generate f∗C such
that (M,f∗C) is gauge bounded for any f∗C-module M . Since a ⊆ R the ideal
adtp
ee is generated in gauge zero. Then the κiajei ⊗ 1 with κi ⊗ 1 ∈ Cei and ajei ,
j = 1, . . . , n = n(ei), generators of adtp
eie form a system of generators for C′ which
is gauge bounded. 
In order to state the main result of this section we need one more definition.
7.9.Definition. LetX be a noetherian F -finite scheme and CX a Cartier algebra on
X we say that CX is finitely generated if there exists a finite covering Ui = SpecAi
of open affine such that CUi is finitely generated as an Ai-Cartier algebra for all i.
7.10. Theorem. Let f : X → Y a morphism of finite type between noetherian F -
finite schemes. Let CY be a finitely generated Cartier algebra on Y , a ⊆ OY an ideal
sheaf and t ≥ 0 a rational number. If M is a coherent f∗CatY -module, then there is
a coherent CatY -module N ⊆ f∗M for which the inclusion is a local nil-isomorphism.
Proof. Since f∗ may be defined by applying f∗ to a Čech resolution the argument is
local onX. Hence, one only needs to consider affine morphisms f : SpecS → SpecR
of finite type. This in turn follows from Lemma 7.4 and Proposition 7.8 
7.11. Remark. Note that if we only care about the coherence of a particular push-
forward f∗M then it is sufficient that the image of CX in
⊕
e≥0Hom(F e∗M,M)
locally admits a gauge bounded generating system of the form κi ⊗ 1 as in Lemma
7.4. At present we are not aware of a naturally occurring example where this is not
satisfied (cf. Remark 8.7 below).
With this theorem we can now define the test module for a pushforward of finite
type:
7.12. Definition. Let f : X → Y be a morphism of finite type between noetherian
F -finite schemes. Let CY be a finitely generated Cartier algebra on Y , a ⊆ OY an
ideal sheaf and t ≥ 0 a rational number. Then for any coherent f∗CatY -module we
define τ(f∗M, CatY ) as τ(N, Ca
t
Y ) for any N as in Theorem 7.10.
This is independent of the choice ofN for ifN ′ ⊆ f∗M is another such submodule
then N = N ′ as CY -submodules of f∗M . The proof is similar to the one of [Stä15a,
Lemma 2.4]. Since τ(N) = τ(N) the claim follows.
Just as in [BB13] one can develop a theory of pushforwards more generally in
the category of crystals under the above assumptions on the Cartier algebra. The
details are a relatively straightforward generalization of [BB13].
We conclude this section with an example that shows that the assertion of the
theorem does not hold without a gauge boundedness assumption.
7.13. Example. (a) Let C be a principal Cartier algebra over R with generator κ.
Let D be a Cartier subalgebra over R. Then each graded component De is of
the form κeae for some ideal ae of R. The inclusion DeDf ⊆ De+f implies that
(ae)e∈N is a F -graded system of ideals, i.e. a[p
f ]
e af ⊆ ae+f , where the square
brackets denote the image of ae under the fth iterate of the Frobenius.
(b) If R is a principal ideal domain of finite type over an F -finite field, then each
ae = (ae) for some element ae ∈ R. A system of right R-module generators
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of D is therefore given by κeae, e ∈ N. The F -graded system property implies
that ae+f |apfe af , and in particular ae|a1+p+p
2+...+pe−1
1 |ap
e
1 .
If M is any finitely generated R-module with gauge δ induced by a gauge δ
on R, then
δ(κe(aem)) ≤ δ(aem)
pe
+K ≤ δ(a
pe
1 ) + δ(m)
pe
+K ≤ δ(m)
pe
+ δ(a1) +K,
where K is some constant as in Proposition 7.6. Hence every Cartier subalge-
bra of a principal R-Cartier algebra with R a principal ideal domain is gauge
bounded on every finitely generated R-module.
(c) The following example shows that for higher dimensional R the correspond-
ing result is not true. Let R = k[x, y] with gauge δ given by grading of the
variables. Consider the Cartier subalgebra D given by the graded system of
monomial ideals ae = (x2, xyep
e). It is straightforward to check that this is a
graded system (essentially since x2 is in each of the ideals). Now the operators
κex2, κexyep
e are generators of De as a right R-module. Letting κ act on R as
the Cartier operator, we get
(κexyep
e
)(xp
e−2yp
e−1) = κe((ye)p
e
(xy)p
e−1) = ye
Hence δ((κexyepe)(xpe−2ype−1)) = e. But this is a contradiction to the gauge
boundedness since δ(xpe−2ype−1)/pe ≤ 1. This shows that the gauge bounded-
ness cannot hold for the particular choice of right R-generators of the Cartier
algebra. Assume now that Ci are another set of generators in degree e. Then
we can write Ci = κex2ai1 + κexyep
e
ai2 and since the Ci are generators we
obtain
∑
i Ciri = κexyep
e for some ri ∈ R. By a degree argument this is only
possible if for some i the constant terms of ai2 and of ri are non-zero. We con-
clude that for any such i one has δ(Ci(xp
e−2yp
e−1)) ≥ δ(ye) = e which shows
that this set of generators is also not gauge bounded.
Note that R is F -pure. To see this it suffices to show that all monomials
xayb are in the image of C+R. Taking, for instance, e = 2 we have κ2x2 ·
xp
2−3yp
2−1xap
2
ybp
2 = xayb.
(d) A variation of the example discussed in (c) also shows that the pushforward of
a coherent Cartier module along a morphism of finite type need not be coherent
in general. Consider the morphism f : SpecFp[x, y]→ Fp and let C be the free
non-commutative algebra
Fp[κi,e, ca,b | i = 1, 2; e ≥ 1, a, b ≥ 0]
which we endow with an N-grading by assigning κi,e degree e and ca,b degree 2.
Then we let f∗C act on R = Fp[x, y] by letting κ1,e act as κx2, κ2,e as κxyepe
and the ca,b act as κ2xap
2
ybp
2(xy)p2−1, where κ is the Cartier operator. Note
that the Cartier algebra f∗C acts on R just as the one in (c) and hence is also
not gauge bounded.
Since ca,b(1) = xayb the Cartier submodule of f∗R generated by 1 is in fact
f∗R. This shows that Ch+Fp contains monomials of arbitrary high degree for all
h ∈ N. If there was V ⊆ f∗R finite dimensional and locally nil-isomorphic to
f∗R via the inclusion then in particular Ch+Fp would be contained in V for all
h 0. This shows that f∗R does not admit any coherent submodule for which
the inclusion induces a local nil-isomorphism.
8. Testmodules and Pushforwards
In this section we show that for f : X → Y quasi-finite and of finite type and
M a CX -module one has a natural transformation τ(f∗M) → f∗τ(M) under the
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restriction on the Cartier algebra CX which ensures the nil-coherence of f∗M as
explained in the preceding section.
The idea is as follows. By Zariski’s main theorem we may factor f as i◦g, where
g is finite and i is an open immersion. If g is not dominant then we may factor g as
a finite dominant morphism followed by a closed immersion. In the case of a closed
immersion this natural transformation is given by the identity which follows from
Proposition 1.19 (d). We are thus left to deal with the case of a finite dominant
morphism and that of an open immersion. In order to tackle the case of an open
immersion we need to assume that CY is of the form Dat for D finitely generated,
a an ideal sheaf and t ≥ 0 a rational number. Moreover, we will require that the
base is F -finite in this case.
We begin with the finite case.
8.1. Proposition. Let f : X → Y and i : SpecZ → Y be finite morphisms. The
natural base change morphism obtained form the pullback diagram
XZ
f ′
//
i′

Z
i

X
f
// Y
f ′∗i
′[ → i[f∗ is an isomorphism of functors of Cartier modules (resp. Cartier crys-
tals).
Proof. The base change map is obtained by applying f∗ to the unit of adjunction
i′∗i
[ → id from Proposition 5.7 to obtain
i∗f∗i′[ ∼= f ′∗i′∗i′[ → f∗.
Using adjunction for (i∗, i[), this yields the base change morphism f ′∗i′[ → i[f∗.
By construction this morphism is Cartier linear. To check that this map is an
isomorphism is a local property, so that we may assume that Y = SpecR and since
both f and i are affine also X = SpecS and Z = SpecA. With this notation
the assertion is that the natural map f ′∗HomS(A ⊗R S,M) → HomR(A, f∗M) is
an isomorphism, but this is just the usual Tensor-Hom adjointness HomS(A ⊗R
S,M)→ HomR(A,M), ϕ 7→ [a 7→ ϕ(a⊗ 1)]. 
8.2. Proposition. Let f : X → Y be a morphism of finite type and j : Z →
Y essentially étale. Then there is a natural isomorphism of functors of Cartier
modules or crystals j!f∗ ∼= f ′∗j′!, where f ′ and j′ are the pullbacks of f and j.
Proof. The Čech complex is a resolution in the category of Cartier modules ([BB13,
Theorem 3.2.2] and the discussion preceding it). Hence, the corresponding iso-
morphism of modules obtained via [Har77, Proposition III.9.3] is compatible with
Cartier structures. 
8.3. Lemma. Let f : SpecS → SpecR be a finite morphism and M a CS-module.
Then Ass f∗M = f(AssM).
Proof. The statement holds for the underlying modules by [Mat70, Proposition
9.A]. Using Propositions 8.1, 8.2 and 5.15 we conclude that
H0η (f∗M)η = f ′∗H0ηS(M)η.
Since H0ηS(M)η lives on the reduced fiber of η and is given by
⊕
ν∈f−1(η)H
0
ν (M)ν
we may use Proposition 5.15 and [Stä15b, proof of Lemma 6.13] to conclude that
H0η (f∗M) is nilpotent if and only if each H0ν (M)ν is nilpotent. 
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8.4. Proposition. Let f : SpecS → SpecR be a finite dominant map and M an
S-Cartier module. Then M is F -regular if and only if f∗M is F -regular.
Proof. Let us assume first that f∗M is F -regular. By Proposition 5.13 M is cer-
tainly F -pure. Assume thatM is not F -regular. That is, there exists a proper sub-
module N ⊆ M such that the inclusion H0ν (N)ν ⊆ H0ν (M)ν is a nil-isomorphism
for all associated primes ν ofM . Note that the inclusion f∗N ⊆ f∗M is still proper.
Since the ν ∈ f−1(η) form an open covering we conclude that H0ηS(N)η ⊆ H0ηS(M)η
is a nil-isomorphism.
We have to show that the inclusion H0η (f∗N)η ⊆ H0η (f∗M)η is a nil-isomorphism
for all η ∈ Ass f∗M . Consider the following diagram
H0η (f∗N)η
⊆
// H0η (f∗M)η
H0η (f∗N)
η
⊆
OO
H0η (f∗M)
η
⊆
OO
f∗H0ηS(N)
η
⊆
//
=
OO
f∗H0ηS(M)
η
=
OO
Note that the bottom vertical arrows are nil-isomorphisms obtained from Propo-
sition 8.1 and 8.2. By assumption, Proposition 5.15, Lemma 8.3 and the above
observation the bottom horizontal arrow is also a nil-isomorphism whence the claim.
For the converse, assume now that M is F -regular and let N ⊆ f∗M be a sub-
module such that H0η (N)η ⊆ H0η (f∗M)η is a nil-isomorphism for all η ∈ Ass f∗M .
Note that f∗M is F -pure by Proposition 5.13. Given η we write α : Spec(R/η)η →
SpecR for the inclusion. Note that f ′!α! = α′!f !, where α′ and f ′ are the pull-
backs of α and f . If we denote by γ the inclusion Spec(S/ν)ν → Spec(S/ηS)η,
where ν is a point in the fiber f−1(η), then the inclusion N ⊆ f∗M induces a nil-
isomorphism γ!α′!f !N ⊆ γ!α′!f !f∗M which means that H0ν (f !N)ν ⊆ H0ν (f !f∗M)ν
is a nil-isomorphism. We conclude that the inclusion
H0ν (f !N)ν ⊆ H0ν (f !f∗M)ν (2)
is also a nil-isomorphism.
Consider now the counit M → f !f∗M,m 7→ [1 7→ m] which is an embedding.
Since both H0ν and localization commute with intersections we obtain that the
inclusion f !N ∩M ⊆M induces a nil-isomorphism
H0ν (f !N ∩M)ν ⊆ H0ν (M)ν
by intersecting the inclusion (2) in the previous paragraph with H0ν (M)ν . Since
AssM ⊆ Ass f !f∗M = f−1Ass f∗M by Lemmata 1.6 and 6.12 we have a nil-
isomorphism for all associated primes of M . We conclude that f !N ∩M = M by
F -regularity of M . This implies M ⊆ f !N . Taking pushforwards and applying the
trace map shows that N = f∗M . 
8.5. Proposition. Let f : SpecS → SpecR be a finite dominant map and M an
S-Cartier module. Then f∗τ(M) = τ(f∗M)
Proof. We may assume that M is F -pure. By Propositions 8.1 and 8.2 we have
f∗H0ηS(τ(M))η = H0η (f∗τ(M))η and similarly f∗H0ηS(M)η = H0η (f∗M)η. Since
ν ∈ f−1(η) form an open covering, we have a nil-isomorphism H0ηS(τ(M))η ⊆
H0ηS(M)η. We thus obtain a nil-isomorphism H0η (f∗τ(M))η ⊆ H0η (f∗M)η. Since
τ(f∗M) is minimal with this property we obtain the inclusion τ(f∗M) ⊆ f∗τ(M).
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For the other inclusion we note that by Proposition 8.4 above the inclusion
f∗τ(M) ⊇ τ(f∗M) has to be an equality. 
8.6. Proposition. Let f : X → Y be a finite morphism of noetherian schemes and
M a Cartier module on X. Then the restriction of the identity on f∗M induces a
natural isomorphism of Cartier modules f∗τ(M)→ τ(f∗M).
Proof. The assertion is clearly local on Y and hence also on X. We are thus reduced
to a situation f : SpecS → SpecR with f finite.
Starting with the identity f∗M → f∗M we obtain via adjunction and by applying
τ a morphism τ(M) → τ(f !f∗M). By Propositions 1.19 (c), 6.13 we have an
inclusion τ(f !f∗M) ⊆ f !τ(f∗M). Applying adjunction once more to the morphism
τ(M)→ f !τ(f∗M) yields the desired natural transformation. Since τ applied to a
morphism is simply restriction we immediately obtain from Propositions 8.5, 1.19
(d) that this natural transformation is the identity. 
Before we proceed with the case of an open immersion we remind the reader of
Definition 7.12 which explained how to attach a test module to finite type pushfor-
wards. In particular, from now on we assume that the Cartier algebra on the base
is of the form CatY with CY finitely generated.
8.7. Remark. It seems plausible that one can circumvent the assumption on CY
as follows. Assume that Y is affine. Let M be an F -pure coherent CX -module. Fix
a finitely generated sub-algebra C′ ⊆ CX that satisfies the assumptions of Lemma
4.11. Fix an open affine covering U ⊆ f−1(Y ) and finitely many algebra generators
κe of C′|U . Then each κe is of the form
∑
i κei ⊗ sei. Denote the sub-algebra of CY
generated by the κei by C′′. Then clearly f∗C′′ satisfies the assumptions of Lemma
4.11 so that CXτ(M,f∗C′′) = τ(M, CX). Since C′′ is finitely generated Theorem
7.10 applies. Hence, we find a coherent C′′-submodule N of f∗M which is locally
nil-isomorphic to f∗M (as C′′-modules). Then we define τ(f∗M, CY ) = CY τ(N, C′′).
By the discussion following Definition 7.12, this does not depend on the choice of
N for fixed C′′. Lemma 4.11 makes it plausible that it also should not depend on
C′′. If this is the case then we obtain the same result for general Y by gluing.
However, in applications (i.e. when studying singularities) one usually studies
Cartier algebras constructed from
⊕
eHom(F e∗M,M) and some ideal a. At present
we are not aware of an example in this situation where Theorem 7.10 does not apply
directly. There is an example (cf. [Kat10]) where the algebra
⊕
eHom(F e∗M,M)
is not finitely generated. However, in this case one easily checks that it is gauge
bounded.
8.8. Proposition. Let j : X → Y be an open immersion of F -finite schemes and
assume that the Cartier algebra on Y is of the form CatY with CY finitely generated.
If M is an OX-Cartier module then we have a natural transformation τj∗ → j∗τ
of functors from Cartier modules on X to Cartier modules on Y which is given by
the natural inclusion.
Proof. Note that j! = j∗. We start with the identity j∗M → j∗M . Adjunction
yields j∗j∗M → M . Applying τ we get an isomorphism τ(j∗j∗M) → τ(M). If
N is any coherent submodule for which the inclusion N ⊆ j∗M is a local nil-
isomorphism then j∗N ⊆ j∗j∗M = M is again a nil-isomorphism by Proposition
6.1 (the proof also works in the quasi-coherent case). Using Lemma 1.17 and
Theorem 6.5 we get τ(j∗j∗M) = τ(j∗N) = j∗τ(N) → τ(M). Adjunction now
yields τ(j∗M) = τ(N)→ j∗τ(M). Note that τ(j∗j∗M) = j∗τ(j∗M) is an equality
as submodules of j∗j∗M . Since the natural transformation is induced by the identity
j∗ → j∗ it is simply the natural inclusion. 
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8.9. Example. The natural transformation τj∗ → j∗τ does not in general induce
an isomorphism of Cartier modules or crystals. Consider M = R = k[x, x−1] with
Cartier structure obtained from identification with ωR and let j : D(x) → A1k be
the natural inclusion. Then τ(M) = k[x, x−1] while τ(j∗M) = τ(k[x] · x−1) = k[x].
One checks that the natural inclusion is not a local nil-isomorphism.
In fact, k[x] is simple as a Cartier crystal while k[x] · x−1 admits the proper
sub-crystal k[x]. Hence, they are not even abstractly isomorphic.
8.10. Theorem. For f : X → Y a quasi-finite finite type morphism of F -finite
schemes with Cartier algebra on Y of the form CatY with CY finitely generated one
has a natural transformation τf∗ → f∗τ of Cartier modules or crystals.
Proof. By Zariski’s main theorem we may factor f = g ◦ j with g finite and j
an open immersion. Then we define the natural transformation by composing the
natural transformations f∗τ → τf∗ and τj∗ → j∗τ of Propositions 8.6 and 8.8.
Since these natural transformations are all given by the natural inclusions this is
independent of the choice of factorization. 
Recall that we use the notation Gr(M, at) for the quotient τ(M, at−ε)/τ(M, at).
8.11. Corollary. For f : X → Y a quasi-finite finite type morphism of F -finite
schemes with Cartier algebra on Y of the form CatY with CY finitely generated one
has a natural transformation Gr(f∗−, at)→ f∗Gr(−, (a · OX)t) of Cartier modules
or crystals.
Proof. We may factor f as g ◦ j with g finite and j an open immersion. Since
g∗ is exact the assertion immediately follows from Proposition 8.6. For an open
immersion the argument is similar to the one of Corollary 6.14 using Proposition
8.8. 
8.12. Remark. We point out that the restriction of the identity does not induce
a natural transformation τf∗ → f∗τ in the category of Cartier crystals for general
finite type morphisms. Indeed, consider the structural map A1k → Spec k, where k is
any F -finite field and the Cartier module ω = ωk[x] endowed with Cartier structure
κxp−1. Then τ(ω) = xω while we have f∗ω = kdx and f∗τ(ω) = 0. Since f∗ω is
defined over a field one has (as crystals) τ(f∗ω) = f∗ω.
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